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Recent example
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Wave function formalism

e Wave function
exponentially large
U(x1,...,%XpN)

Density functional theory
e One-body density p(x1)

e Exact energy functional

) unknown E[p]
e Energy functional

E= (U|H|W)
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Wave function formalism Many-body perturbation Density functional theory
: theor .
e Wave fungt\on y e One-body density p(x1)
exponentially large e One-body Green’s
U(xq,...,Xy) function

e Exact energy functional

G(x1,x1/5t — ty) unknown E[p]

e Energy functional
E= (¥|H|D) e Galitskii-Migdal
functional E[G]
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One-body density

X1 —N/d \I/O(Xl,XQ,Xg,...7XN)\I’0(X1,X2,X3,...,XN) = <\I/0|’(Z}T(X1)’L&(X1)‘\I/0>
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One-body density
X1 = N/d ‘1/0()(1,)(2,)(37 e 7X[\/)\I’Q(Xl,X2,X3, e ,XN) = <\I/0|’(Z}T(X1)’L&(X1)‘\I/0> .
One-body reduced density matrix

v(x1, %) = N/d(x2...XN)\IJE(xl,XQ,X;),,...,XN)\IJO(xll,Xg,Xg,...,xN) = (Uo|ohT (x1)(x1/)| W) .
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One-body density

p(x1 _N/d ) U5 (X1, X, Xs, .-, X)W (X1, Xo, Xs, .., Xy) = (WolhT (x1)0(x1)[ W) .
One-body reduced density matrix
v(x1, %) = N/d(x2...XN)\IJE(xl,XQ,X;),,...,XN)\IJO(xll,Xg,Xg,...,xN) = (Uo|ohT (x1)(x1/)| W) .

One-body Green'’s function

G(Xl,Xl/; tl — tll) = (—i) <\P0\f[zﬁ(x1t1)zﬁ(x1/t1/)] |‘1’0> .
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Links between reduced quantities

One-body density

x1)=—1 lim lim G(x1xy/;t; — ty/).
p(x1) o (xix15ty —trr)

One-body reduced density matrix

v(x1,x17) = =1 lim G(x1xy/5t — t1).
ty st

One-body Green'’s function

G(x1, %15ty — ) = (=) (To|T [(x1t1)db! (x1t1)] | To) -
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Time-dependence

One-body Green’s function
Gx1, %175ty — trr) = (=) (Wo T [(x1t1)eb! (x1:t17)] [ Wo) -

Time ordering

—i <\IJQ|’LZJ(X11:1) A (Xlltll)‘\lf()> if tl > tll.

+
G(xy, x5t — ) = . . ,
! ! ! ! {+l <\IJ()|’¢T(Xlltll)’(/J(Xltl)‘\I/0> |f t] < tll.

e Upper term measures the propagation of an electron
e Lower term measures the propagation of a hole
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Link to photoemission spectroscopy

Frequency representation

Ts(x1)ZE(xq As(xq)Aé(xq/
Gl xriw) = 3 sCe)IS(ar) s(x1) A5 (x1/)
s w— (EN—EFY —ip S w— (B —EY) +in
A 4
S-th ionization potentials S-th electron affinities
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Spectral function B ot (30!
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Satellites

Single ionization
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Satellites

Satellite excitations
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Self-energy and G\ approximation

Quasi-particle equation

F+ X (w=c¢p)| p(x) = € ¥p(x),
EN A A
Fock matrix Self-energy Poles of the Green’s function
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Self-energy and G\ approximation

Quasi-particle equation

F + 3 (w=e)|Yp(x) = ¢ ¥p(x),

A
Fock matrix Self-energy Poles of the Green’s function

GW approximation

Self-energy that accounts for the correlation due to the screening of the Coulomb
interaction
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Benchmarking GW

Errors w.r.t. FCI for 58 IP of 23 small molecules in the
aug-cc-pVTZ basis set
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Benchmarking GW

Errors w.rt. ACCSD(T) for 34 IP of 34 small molecules in the cc-pvVQZ basis set
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Benchmarking GW

Errors w.r.t. experiments for 65 core IP of 32 small to medium-sized molecules in the
complete basis set limit
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Extracted from Golze el al. ). Phys. Chem. Lett. 11 1840 (2020)
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Total energy

Galitskii-Migdal functional

EGM = —i /dX1 lim 1i + h(Xl) G(Xl,Xl;tl — tl/)
2 oty

ty =t

Open problem
Find good approximation of G for correlation energy

Seminar ENS de Lyon, Lyon, June 2025 12/21



Double ionizations potentials

Open question
How to compute double ionization potentials?
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Double ionizations potentials

Open question
How to compute double ionization potentials?

Auger-Meitner effect

Reference Initial state Final state
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Extracted from Jayadev et al. ). Chem. Phys. 158 064109 (2023)

Seminar ENS de Lyon, Lyon, June 2025 13/21



Two-body Green'’s function

Definition 1= (xi,t1)

Go(ts — tir,to — tor, ty — ta) = (—i)? <\I’MT[ (1) 1[)(2)1;%2/)1[))((1/)”@%

One-body Green’s function

Glts — trr) = (=1) (Lol T[(1)PF (1)] o) -
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Particle-particle channel

Electron-electron/hole-hole pair propagation

If t, = (o, 11, = (o, the time-dependence becomes Gao(t; — t1/) and Gy describes the
propagation of two electrons or two holes.
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Particle-particle channel

Electron-electron/hole-hole pair propagation

If t, = (o, 11, = (o, the time-dependence becomes Gao(t; — t1/) and Gy describes the
propagation of two electrons or two holes.

Spectral representation

Ly (xaxe) R (xixh) = Ly 2(¥ix5)RY > (xixa)

sow— (BB i Tw— (B -E7?) —in
A A
Double electron affinities Double ionization potentials

K(X1X2; X1/X9/; w) =
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Electron-hole channel

Electron-hole pair propagation

If t; = t1/. 15 = Lo, the time-dependence becomes Ga(t; — t2) and Go describes the
propagation of an electron-hole pair.
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Electron-hole channel

Electron-hole pair propagation

If t; = t1/. 15 = Lo, the time-dependence becomes Ga(t; — t2) and Go describes the
propagation of an electron-hole pair.

Spectral representation

LN RN / LN RN /
L(rxo; ki w) = 3 v (X2X2 )R, (x1x1/) v (X2X2/)R,, (x1%1/)

sow— (EN—E)) +in V>0w—(Eg—E,’)’)—in
A

N-th Excitation energies
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Electron-hole channel

Eigenvalue problem

A B\ /X 1 0 X Aiajb = (€a — €)0ab5i =eh
_ jb = (€a — €)dapdyj + E
6 D06 20) v = e ity +

Bia,bj = Zig,bj

This is the same eigenvalue problem as in TD-DFT but with a different kernel!
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Charge transfer and TDDFT

Errors w.r.t. CCSDT for 30 charge-transfer excitation of 17 medium molecules in the
cc-pVTZ basis set

MAE: 0.55 eV MAE: 0.43 eV MAE: 0.14 eV MAE: 0.20 eV
B3LYP MSE: —0.53 eV PBEO MSE: -0.39 eV CAM-B3LYP MSE: -0.04 eV BSE/evGW@PBEO MSE: —0.08 eV
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Error (eV) Error (eV) Error (eV) Error (eV)

Extracted from Loos el al. J. Chem. Theory Comput. 17 3666 (2021)
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Charge transfer and TDDFT

Errors w.r.t. CCSDT for 30 charge-transfer excitation of 17 medium molecules in the
cc-pVTZ basis set

MAE: 0.55 eV MAE: 0.43 eV MAE: 0.14 eV MAE: 0.20 eV
B3LYP MSE: —0.53 eV PBEO MSE: -0.39 eV CAM-B3LYP MSE: -0.04 eV BSE/evGW@PBEO MSE: —0.08 eV
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Extracted from Loos el al. J. Chem. Theory Comput. 17 3666 (2021)

Analytical gradients for G/ and BSE are finally available!
J. Tolle J. Phys. Chem. Lett. 16 3672 (2025)
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Particle-particle channel

Eigenvalue problem

C B X 1 0 X Cabﬁcd = (50 + €b)5ac(5bd + Egg,cd

Dijrt = —(€i + ¢)idj + Zffy
More details in Marie et al. J. Chem. Phys. 162, 134105 (2025)
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

DIP-EOM-CCSD ppBSEQGW
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

DIP-EOM-CCSD ppBSEQGW TDAGppBSEQGW
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Tamm-Dancoff approximation
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Conclusion

Conclusions

e Green's functions provide a natural framework to describe excited states and
spectroscopy

e ppBSE brings quantitative improvements for double ionization
e Toward a GW description of Auger spectroscopy
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Questions?



