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Two-body Green'’s function

Definition 1=(r1,01,t)
I —
62(12:12) = (i) ( W [T 9(1) ¥ $12) 1) ]| vy )
A A _A
N-electron ground-state Field operators
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Electron-hole channel

Electron-hole pair propagation

to.ty >ty by Gp(12;1'2") = (—1) (W] T[h(2)d1 (2)] T [d(1)$t (11)] | L)
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Electron-hole channel

Electron-hole pair propagation
to.ty >ty by Gp(12;1'2") = (—1) (W] T[h(2)d1 (2)] T [d(1)$t (11)] | L)

Electron-hole correlation function
—L(12;1'2") = G(12;12") — G(11")G(22')
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Electron-hole channel

Electron-hole pair propagation
.t >t bt Ga(12;1'2') = (=) (TG T[$(2)¢1(2)] T [b(1)4 (1)] |5

Electron-hole correlation function
—L(12;12") = Go(12;1'2") — G(117)G(22")

Electron-hole propagator

L( xyx9;x1/X9r 5t — t2) = . _)tlirtn_ﬁ L(12;1'2")
A 2 2/,5t1 1/
X1 = (1‘1/70'1/)
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Electron-hole channel

Electron-hole pair propagation

to.ty >t ty Ga(12;1'2) = (—i)% (Wg | T[(2)91(2)] T [h(1)dT(17)] [T

Electron-hole correlation function
—L(12;1'2") = G4(12;12') — G(11')G(22')

Lehman representation

Ly (xox2/ )R (x1X1/) Ly (x2%2/ )R] (x1X1/)

L(X1X2;X1/X2/;w) =] _ L
gow*(Ey*ES’)+in l,>0w_(E(l\)l_Eﬁl)—177
A

N-th Excitation energies
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Particle-particle channel

Electron-electron pair propagation
tite >t ty Ga(12;1'2) = (=) (WG| T[$(1)h(2)] T [ (1)1 (2)] |5
Hole-hole pair propagation

ity >t ty Ga(12;1'2') = (=) (Tf
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Particle-particle channel

Electron-electron pair propagation
ti,ta > tir,ty Gp(1251'2) = (_i)2 <‘I’g‘?[1/}(1)7/;(2)] i—wT(ll)l/;T(Z/)] ‘\I’g>

Particle-particle correlation function
2K(12;1'2') = Gy(12;1'2")
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Particle-particle channel

Electron-electron pair propagation
tite >ty Ge(12;1'2) = (1) (L] T[$(1)(2)] T[9F (191 (2)] |20

Particle-particle correlation function
2K(12;1'2") = Go(12;1'2")

Particle-particle propagator

K(x1x9;x1/%9r5t1 — t1/) = lim K(12;1'2")

to—t ,t2/ —>t1/
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Particle-particle channel

Electron-electron pair propagation
bty > byt Go(12;1'2') = (—1) (| T[(1)h(2)] T[4 (1)1 (2)] | T8

Particle-particle correlation function
2K(12;1'2') = Gy(12;1'2")

Lehman representation

K(x1X0; X1/X0;w) = Z
yow— (B —E) +in Tw— (E§-E7?) —in
A A
Double electron affinities Double ionization potentials

L (xxe) Ry (xixp) = Ly 2 (x1x5)R) % (x1%2)

v
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Electron-hole channel

Electron-hole Bethe-Salpeter equation

L(12;1'2) = Lo(12;1'2) +/d(3456) Lo(14;1'3) E°M(36; 45) L(52;62')
A 0000000

A
Independent particle propagator eh kernel
033(13)
where Lo(12;12') = G(12')G(21 E°M(12;34) =
0(12: ') = 6(12)6(21) (12:34) = 5o |
3 4 9

A

i/ 2 11——2 1 —» > >
= + Eeh < L >
1 2/ 1 —<—2 1 < <— 2/
3 4
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Electron-hole channel

Eigenvalue problem

—eh
<:* i) G) - w((l) —01> @ Aiajo = (€a = €)dabdj + Eigjp(w = 0)

Bia,bj = Efppi(w = 0)
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Approximate kernels

RPA kernel
ZeNRPA (12 1) — | d3H(11)

_ S[G(3'3)v(13;1'3")]
' 56(22)

U—o 5G(2'2)

=v(12;1'2")
U=0
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Approximate kernels

RPA kernel

0%(11) 5 [G(3'3)v(13;1'3")]

—eh,RPA Y 15y
(S 12;1'2") = = =v(12;1°2
(12172) =1 5= oy o 3G(2'2) - V( )
GW kernel
GW / / /. /
Eeh,GW(12; 1/2/) =i 62ch(11 ) _ V(12; 1/2/) _ d [6(33 )W(ll 733 )]
06(2'2) |y_p 0G(2'2) Ueo

SW(11;33)

=v(12;1'2) — W(11;2'2) — G(33) G

U=0
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Electron-hole channel

Eigenvalue problem

EOE-6 DO e

Bia,oj = Efglpj(w = 0)

Kernels
e Second-order kernel
EoEh = (iblaj) =Y = (iblaj) — Wipje(w = 0) e T-matrix kernel
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Usual linear response

Schwinger relation
56(11'; [U)
5 UsN(2'2)

Iy

—G5(12;12') + G(11')G(22) = =1(12;1'2)

External potential

External potential

() = / Ay t]) T (xn) U (1) h(xy)
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Pairing field linear response

Another external potential ...

Uty) = (/d x1x1/t)) (x1 ) UM (117) ) (x1/) +/d(x1dx1,t;) Pt (xy) USS(117) L/Ei(xl,))

Non-number conserving
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Pairing field linear response

Another external potential ...

Uty = (/d xyxpth) (x ) UM (11 )1[)(x1/)+/d(x1dx1ft’1) P (x1/) USE(11) 1/;T(x1/)>

Non-number conserving

...leading to an alternative Schwinger relation

5Ge(2'1; [U])

== U K(12;12)
U=0 5Uhh(12) u=0

(6201212 ) - 6" (12; [U) G2 1U)))

DN | =
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Description of a non-number conserving Hamiltonian

Anomalous propagators

G" (115 [U]) = () (ol T [(1)eh(1)]|To)  G**(11';[U]) = () {WolT [ (1)¢)" (1")] | ¥o)

Nambu formalism and the Gorkov propagator

N LR ) _eear) 6May)
6Ly =(=) <%'TK¢*<1>¢*<1'> wawa')ﬂ [¥o) = (Geem’) Gehm’))'

Gorkov-Dyson equation

P zhe(11) S (1) + Use(11)
G (11') = 6, “”‘(zee(n%u““(n’) (1) )
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Particle-particle channel

Particle-particle Bethe-Salpeter equation

K(12;12") = Ko(12;1'2") —/d(3456) K(12;56) =PP(56;34) Ko(34;1'2")
A 4 —
Independent particle propagator pp kernel

5xe(34)
5G*(56) | y_,

2 Yy 2—e— 2 P ) <
= — — K EPP
/\\ >
1 Vo l—e—1 1 o1 e i
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where KO(12;1’2’):%[6(11’)6(22’)76(21’)6(12’)] EPP(56; 34) =

A
B2

A




Particle-particle channel

Eigenvalue problem

CORbP;ACd = (60 + fb)éac(sbd + Ezg,Cd(w = O)

C B\/X\ (1 0)\/X
B p/\y) " “lo -1/)\y Bapy = Eob j(w =0)

RPA =
ikl = — (€ + €)dirdj + :Bﬁ?[(w =0)
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Approximate kernels

RPA kernel

5388 (22)
5Gee(117)

1 6[G°%(33))[v(33';22') — v(3'3;22")]]
v—o 2 6Gee(117)

SR ) =

U=0

[V(11';22') — v(1'1;22")]

DN =
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Approximate kernels

RPA kernel
ZPPRPA(12: 1) = i 6Xg%(22") _ 1 8[G%(33)[v(33';22') — v(3'3; 22')]]
- ’ 6Gee(11) |y 2 5Gee(11’) U—o
1
= 5va1;22) - v(1'1;22))]
pp GW kernel
=P (11 9y — j OZme (22)| 1 0[6%(33)[W(83';22') — W(3'3;22)]
’ gGee(11) | 2 5Gee(11’) Ueo
= %[W(ll’;??’) — W(1'1;22)]
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Particle-particle channel

Eigenvalue problem
C B\/X
B' D)\Y

Kernels

1 0 X CEE,Acd = (€q + €b)dacObqg + Ezg,cd(w =0)
- w<0 _1> <Y> BEEAU = Egg,u(w =0)
DIt = — (& + )00 + i (w = 0)

e Second-order kernel
EEf’kRPA = (ij||RL) Eﬁfhfw = Wijpi(w = 0) — Wjjp(w = 0) e T-matrix kernel
o ..
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

ppRPAGHF ppRPAQGW

12} MSE MAE {12} MSE MAE
10§2.85 eV 2.88 ¢V {10}1.95 eV 1.96 eV

-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
Error (eV) Error (eV)
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

DIP-EOM-CCSD ppBSEQGW
12F\ISE MAE | ?[MSE MAE
1000 52 ov 0.57 &V 12 037V 0.73 &V
6 6
4 4
2 2
0 0

-4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2
Error (eV) Error (eV)

Emerging excited-state methods in electronic structure, Toulouse, April 2025 16 /20



Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

DIP-EOM-CCSD ppBSEQGW TDAG@ppBSEQGT
12F\ISE MAE | ?[MSE MAE | fMSE MAE
1000 52 ov 0.57 v ] 19 —0.37 v 0.73 &V 12 031 eV 0.7V
6 6 6

4 4 4

2 2 2

0 0 0

-4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2

Error (eV) Error (eV) Error (eV)

Tamm-Dancoff approximation

(@ o)(¥) =<6 26 - S
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Dynamical perturbative correction

Static eigenvalue problem
pOY© _ _qOy®
Partitioning
D(w) = DO + pM ()
Perturbative correction
o) = (vt M- - v
Sangalli et al. ). Chem. Phys. 158 034115 (2011)
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

DIP-EOM-CCSD ppBSEQGTV TDAGppBSEAGT TDAGdynBSEQGW

12F\ISE MAE ] 2fMISE MAE | ?[MSE MAE | '2[MSE MAE
10F0.52 ov 0.57 &V lg 037V 0.73 &V 12 031V 0.7V 13 0.1V 0.62 &V
6 6 6

4 4 4 4

2 2 2 2

0 0 0 0

-4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2 -4 -3 -2 -1 0 1 2

Error (éV) Error (eV) Error (eV) Error (eV)
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Core double ionization potentials

Error with respect to CVS-FCI in the aug-cc-pCVTZ basis set

AT Wﬂﬂ

Error (eV

—40

o ppBSEQGW
-60 s CVS-DIP-EOM-CCSD
~80b—— -

H,0* N*'H; C'Hy CO* CO
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Conclusion and open questions

Conclusions
e Simple expression for the kernel of the particle-particle channel
e PpBSE brings quantitative improvements for double ionization
e More details in ). Chem. Phys. 162, 134105 (2025)
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Questions?



Particle-particle Bethe-Salpeter equation

Derivation

K(12;1'2') = (m
“1)ee (33
— 6(32) % 6@)
~ _6(32) ‘m 61 - 6(s2) ‘m e@)
— Ko(12;12) — fsf;h((‘ll‘;)) » gig:éi’j; RCECE
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Gorkov GW

Self-energy
N ~( W(13';31))G"(33")  —W(13';31)G""(33")
B = 1/‘1(33) (W(31’; 13/)Gee(33')  W(31';13')G*N(33')

Screened interaction

N LI
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

ppRPAQHF ppRPAQGW ppRPAQGT ppRPAQGF(2)
12} MSE MAE 12} MSE MAE 12} MSE MAE 12} MSE MAE
10} 2.85 eV 2.88 eV {10f1.95 eV 1.96 eV { 10 1.27 ¢V { 10 0.17 eV 1.01 eV
8 8
6 6
4 4
2 2
0 0
-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
Error (éV) Error (eV) Error (eV) Error (eV)
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Alternative kernels

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set

ppBSEQGT ppBSEQGF(2)

12F\ISE MAE | ?[MSE MAE
271 &V 2.76 &V

10 10

0.1eV 0.47 eV

oo

=\ =)
S N B D

-4 -3 -2 -1 0 1 2 -8 -6 -4-20 2 4
Error (eV) Error (eV)
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