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Two-body Green’s function

Definition

G2(12; 1
′2′) = (−i)2

〈
ΨN

0

∣∣∣T̂[ ψ̂(1) ψ̂(2) ψ̂†(2′) ψ̂†(1′) ]
∣∣∣ ΨN

0

〉1 = (r1, σ1, t1)

N-electron ground-state Field operators
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Time ordering

• Electron-hole pair propagation

t2, t2′ > t1, t1′ G2(12; 1
′2′) = (−i)2

〈
ΨN

0

∣∣T̂[ψ̂(2)ψ̂†(2′)
]
T̂
[
ψ̂(1)ψ̂†(1′)

]∣∣ΨN
0

〉

• Electron-electron pair propagation

t1, t2 > t1′ , t2′ G2(12; 1
′2′) = (−i)2

〈
ΨN

0

∣∣T̂[ψ̂(1)ψ̂(2)]T̂[ψ̂†(1′)ψ̂†(2′)
]∣∣ΨN

0

〉
• Hole-hole pair propagation

t1′ , t2′ > t1, t2 G2(12; 1
′2′) = (−i)2

〈
ΨN

0

∣∣T̂[ψ̂†(1′)ψ̂†(2′)
]
T̂
[
ψ̂(1)ψ̂(2)

]∣∣ΨN
0

〉
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Electron-hole channel

Electron-hole propagator

L(12; 1′2′) = −G2(12; 1
′2′) + G(11′)G(22′)

Lehman representation

L( x1x2; x1′x2′ ;ω) =
∑
ν>0

LNν (x2x2′)RNν (x1x1′)

ω − (ENν − EN0 ) + iη
−
∑
ν>0

LNν (x2x2′)RNν (x1x1′)

ω − (EN0 − ENν )− iη

x1′ = (r1′ , σ1′)

N-th Excitation energies
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Electron-hole channel

Electron-hole Bethe-Salpeter equation

L(12; 1′2′) = L0(12; 1′2′) +

∫
d(3456) L0(14; 1′3) Ξeh(36; 45) L(52; 62′)

Independent particle propagator eh kernel

where L0(12; 1′2′) = G(12′)G(21′) Ξeh(12; 34) =
δΣ(13)

δG(42)

∣∣∣∣
U=0

L

1′ 2

1 2′

=

1′ 2

1 2′

+

1′
3′ 4

2

1
3 4′

2′

LΞeh
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Electron-hole channel

Eigenvalue problem(
A B
B† A

)(
X
Y

)
= ω

(
1 0

0 −1

)(
X
Y

)
Aia,jb = (εa − εi)δabδij + Ξehia,jb

Bia,bj = Ξehia,bj

Kernels

Ξeh,RPAia,jb = 〈ib|aj〉 Ξeh,GWia,jb = 〈ib|aj〉 −Wibja(ω = 0)

• Second-order kernel
• T-matrix kernel
• …
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Usual linear response

Schwinger relation

−G2(12; 1
′2′) + G(11′)G(22′) = δG(11′; [U])

δ Ueh(2′2)

∣∣∣∣∣∣
U=0

= L(12; 1′2′)

External potential

External potential

Û(t1) =
∫

d(x1x1′t′1) ψ̂†(x1)Ueh(11′)ψ̂(x1′)
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Pairing field linear response

Another external potential …

Û(t1) =
1

2

(∫
d(x1x1′t′1) ψ̂(x1)Uhh(11′)ψ̂(x1′) +

∫
d(x1dx1′t′1) ψ̂†(x1′) Uee(11′) ψ̂†(x1′)

)
Non-number conserving

…leading to an alternative Schwinger relation

1

2

(
−G2(12; 1

′2′; [U]) + Ghh(12; [U])Gee(2′1′; [U])
) ∣∣∣∣

U=0

=
δGee(1′2′; [U])
δUhh(12)

∣∣∣∣
U=0

= K(12; 1′2′)
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Description of a non-number conserving Hamiltonian

Anomalous propagators

Ghh(11′; [U]) = (−i) 〈Ψ0|T̂
[
ψ̂(1)ψ̂(1′)

]
|Ψ0〉 Gee(11′; [U]) = (−i) 〈Ψ0|T̂

[
ψ̂†(1)ψ̂†(1′)

]
|Ψ0〉

Nambu formalism and the Gorkov propagator

G(11′) = (−i) 〈Ψ0|T̂
[(

ψ̂(1)ψ̂†(1′) ψ̂(1)ψ̂(1′)

ψ̂†(1)ψ̂†(1′) ψ̂†(1)ψ̂(1′)

)]
|Ψ0〉 =

(
Ghe(11′) Ghh(11′)
Gee(11′) Geh(11′)

)
.

Gorkov-Dyson equation

G−1(11′) = G−1
0 (11′)−

(
Σhe(11′) Σhh(11′) + Uee(11′)

Σee(11′) + Uhh(11′) Σeh(11′)

)
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Particle-particle channel

Particle-particle Bethe-Salpeter equation

K(12; 1′2′) = K0(12; 1′2′) −
∫

d(3456) K(12; 56) Ξpp(56; 34) K0(34; 1′2′)

Independent particle propagator pp kernel

where K0(12; 1′2′) =
1

2
[G(21′)G(12′)− G(11′)G(22′)] Ξpp(56; 34) =

δΣee(34)

δGee(56)

∣∣∣∣
U=0

K

2 1′

1 2′

=

2 1′

1 2′

−
2 1′

1 2′

+

2
4 3

1′

1
4′ 3′

2′

K Ξpp
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Particle-particle channel

Lehman representation

K(x1x2; x1′x2′ ;ω) =
∑
ν

LN+2
ν (x1x2)RN+2

ν (x′
1x′

2)

ω − (EN+2
ν − EN0 ) + iη

−
∑
ν

LN−2
ν (x′

1x′
2)RN−2

ν (x1x2)

ω − (EN0 − EN−2
ν ) − iη

Double electron affinities Double ionization potentials
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Particle-particle channel

Eigenvalue problem

(
C B
B† D

)(
X
Y

)
= ω

(
1 0

0 −1

)(
X
Y

) CRPAab,cd = (εa + εb)δacδbd + Ξppab,cd

BRPAab,ij = Ξppab,ij

DRPAij,kl = −(εi + εj)δikδjl + Ξppij,kl

Kernels

Ξpp,RPAij,kl = 〈ij||kl〉 Ξpp,GWij,kl = Wijkl(ω = 0)−Wijlk(ω = 0)

• Second-order kernel
• T-matrix kernel
• …
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set
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Core double ionization potentials

Error with respect to CVS-FCI in the aug-cc-pCVTZ basis set
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Conclusion and open questions

Conclusions
• Simple expression for the kernel of the particle-particle channel
• ppBSE brings quantitative improvements for double ionization
• More details in arXiv:2411.13167

Open questions/problems

• Correlation energy through adiabatic connection
• Auger spectrum at the GW level

Extracted from Jayadev et al. J. Chem. Phys. 158 (2023) 064109
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Questions?

Correlation meeting, École Polytechnique, Palaiseau, December 2024 15 / 15



Particle-particle Bethe-Salpeter equation

Derivation

K(12; 1′2′) = δGee(1′2′)
δUhh(12)

∣∣∣∣
U=0

(1)

= G(31′) δ(G
−1)ee(33′)

δUhh(12)

∣∣∣∣
U=0

G(3′2′) (2)

= −G(31′) δU
hh(33′)

δUhh(12)

∣∣∣∣
U=0

G(3′2′)− G(31′) δΣ
ee(33′)

δUhh(12)

∣∣∣∣
U=0

G(3′2′) (3)

= K0(12; 1′2′)−
δGee(44′)
δUhh(12)

∣∣∣∣
U=0

δΣee(33′)

δGee(44′)

∣∣∣∣
U=0

G(3′2′)G(31′) (4)
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Gorkov GW

Self-energy

Σ(11′) = i
∫

d(33′)

(
W(13′; 31′)Ghe(33′) −W(13′; 31′)Ghh(33′)
−W(31′; 13′)Gee(33′) W(31′; 13′)Geh(33′)

)

Screened interaction

+ + + + . . .
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GW kernel

eh GW kernel

Ξeh,GW(12; 1′2′) = i δΣ(11
′)

δG(2′2)

∣∣∣∣
U=0

= − δ [G(33′)W(11′; 33′)]

δG(2′2)

∣∣∣∣
U=0

= −W(11′; 2′2)− G(33′) δW(11′; 33′)

δG(2′2)

∣∣∣∣
U=0

pp GW kernel

iΞee,GW(11′; 22′) = i δΣ
ee(22′)

δGee(11′)

∣∣∣∣
U=0

=
δ [Gee(33′)W(33′; 22′)]

δGee(11′)

∣∣∣∣
U=0

=
1

2
[W(11′; 22′)−W(11; 2′2)]
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Valence double ionization potentials

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set
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Alternative kernels

Error distribution (w.r.t. FCI) for 46 DIP of 23 small molecules in the aug-cc-pVTZ basis set
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