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Definitions, Hedin's equations and usual
approximations



One-body Green's function

Definition
1= (I‘l7 01, tl)

6a1) = (= (¥ |T[ b i) || o)
A 4
Field operators N-electron ground-state
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Charged excitations

Definition

G(11') = (=) (wh| T[99t (1) | wd)

Lehmann representation

X1 = (1‘1,0'1)

S LAY ) )
Ts(x1)LeE(xq/ A X A X1/
G( x1x17 jw) = s(x1) SN( 11 ) + S(N 13 (=)
s w— (B —EsY) —in 5 w— (BT —Ef) +in
A A
S-th ionization potentials S-th electron affinities
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How to compute G?

The Dyson equation
G(11') = Gy(11') +/d(22’) Go(12) 2(22') G(2'1")

A
Self-energy
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How to compute G?

The Dyson equation

G(11") = Go(11") + /d(22’)GO(12)2(22’)G(2’1’)
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How to compute G?

The Dyson equation

G(11") = Go(11) + /d(22’)60(12)2(22’)60(2’1’)

+ /d(22’33’) Go(12)%(22')G(2'3)2(33')Go (3'1') + . ..

_ ) ) (e 4 -
ST T e T
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How to compute G?

The Dyson equation

G(11') = Go(11') + /d(22’) Go(12)5(22)6(2'1")

An exact expression for the self-energy

Q+Q+r<>r+ T e

> =
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Another exact formalism

Self-consistent set of equations

(117) = Go(11") + Go(12)>(22")G(2'1")
(11') = By (11") /d (22'33') V(12;2'3)G(2'3")I(3'3;1'2)

§3(11)
56(33)

I(12;12") = §(12)5(1'2) /d (33/44") (34)G(4/3/)I'(42;4'2)
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A few iterations

Initial condition

620 (11)
©)(11) = o=\ ) _
»@ar)y=o0 = 56(33) 0

First iteration

raz2;1'2") =6(12)6(1’2) W@ar) = oy(11) +i/d(22/) V(12;2'1')G(22)
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A few iterations

Second iteration

sxM(11")

=V(13';31") — v(13';1'3) = V(13/; 31

sxM (1)

1o\ (1) Ao/
5C(33) G(34)G(4'3"\ TV (42;4'2")

r®(12;1'2") = 6(12")6(1'2) +/d(33’44’)

@ (11') = By, (11) +i/d(22’33’44’) V(12;2'3)G(2'3")V(3'4’; 41')G(42)G(34)

T

1
Y=
1
I
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Hedin's Pentagon

The wonderful equations of Hedin

(11’):60(11’)+/GO(12) (22')6(2'1") d(34)
T L1090\ / / XC<11/) 1/\T Aol
T(12;1'2) = 6(12))5(1 2)+/75 59 (34)G(4'3")[(42; 42")

vertex

(12;1'2") :fi/ (13)G(3'1)T(32;3'2") d(33)
— .
polarizability

W(12;1'2') = v(12; 1’2’)+/W(14; 1/47)1(3'4';34)V/(23;2'3")
——

screening
Hedin, Phys Rev 139 (1965) (12) = i/ (33/)W(12/;32)f‘(3/2; 1/2/) d(22/33/)
A796 N——
self-energy
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Hedin's Square

The GW approximation

Out In

(11') = Go(11") +/6012 (22')G(21) d(34)

[(12;1'2') = §(12')6(1'2)
——
vertex

(12;1'2') = —iG(12))G(21")
———
polarizability

W(12;1'2) = v(12;1'2) +/ W(14;1'4")/ (3'4';34)V(23;2'3")
——

screening
Hedin, Phys Rev 139 (1965) w(12) :i/ (32"YW(12';31) d(2'3)
A796 elf-onere
self-energy

6th Workshop on “Green'’s function methods: the next generation”, Toulouse, (2024) 9/22



Diagrammatic content of the GV approximation

The GW resummation
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Diagrammatic content of the GV approximation

The G\W resummation
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Some other resummation-based self-energies

Particle-particle T-matrix

Q+g+i+= Baw

I

o ———>—0 o6——0—0 0

Y =

+
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Some other resummation-based self-energies
Particle-particle T-matrix
| | | | | | |+

»
3y = +<: . AR AR . AR . . .
*—— o ———>—0o o6—>—0—>—06 0

Electron-hole T-matrix

Q m@

*——o 0—»—0—»—0 0—»—0—»—0—»—0

Romaniello, Bechstedt and Reining, Phys. Rev. B 85 (2012) 155131
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Some other resummation-based self-energies

Particle-particle T-matrix

L e

* —— >—0 o606 —06 0

Z:
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Some other resummation-based self-energies

Particle-particle T-matrix

o ——o—>—0 o6—>—0—0 0

A systematic way to go beyond!
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Vertex corrections to the GV self-energy

Zeroth iteration

First iteration

+ - + o

Mejuto-Zaera and VIcek, Phys. Rev. B 106 (2022) 165129
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An alternative closed set of equations for G




Key step of the derivation

Self-energy and equation of motion

(1) = —i/d(33’44’)v(13;4’3’) Go(4'3';43) G~1(41")

A

Two-body Green’s function

6th Workshop on “Green'’s function methods: the next generation”, Toulouse, (2024) 13/22



Key step of the derivation

Self-energy and equation of motion

$(11') = —i/d(33’44’)v(13;4’3’) Go(4'3';43) G~1(41)

A

Two-body Green’s function
The Schwinger relation

_0G(11%5 [U])
5 U (2/2)

A

G2(12:1'2) = 1 G(11))G(22")

External potential
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Key step of the derivation

Self-energy and equation of motion

$(11') = —i/d(33’44’)v(13;4’3’) Go(4'3';43) G~1(41)

A

Two-body Green’s function
The Schwinger relation

_0G(11%5 [U])
5 U (2/2)

A

G2(12:1'2) = 1 G(11))G(22")

External potential
The external potential
) = [ Al t) )0 (1) )
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Alternative Schwinger

Another external potential ...

U(ty) = % (/d(xlxl'ti)@(Xl)Uhh(U/)iﬁ(Xl') + /d(xldxl’ti)W(Xr)Uee(H/)W(Xr)>
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Alternative Schwinger

Another external potential ...

) = 5 (| bt G0 110 + [ dbeacent) 7 o010 )

...leading to an alternative Schwinger relation

Anomalous propagator

\Z
) Gee(1/2/)

Go(12;12) = -2 —
2(12;1'2) SUPP(12)

U=0
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Description of a non-number conserving Hamiltonian

Anomalous propagators

G™(11') = (=) (Lol T [(1)D(1)]1%0)  G*°(11") = (=1) (Wo|T [ (1)1 (1) || o)
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Description of a non-number conserving Hamiltonian

Anomalous propagators

G"™(11) = (=) (Lol T [$()D(1)]1%0)  G*2(11") = (i) (Wo|T [ (1)1 (1')| | wo)

Nambu formalism and the Gorkov propagator

(&(1)&*(1’) b)) )] o) = <G“e<11'> GWM')).

GOV) = D WlT | Gyt dtaypn G(11)  Geh(1L)
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Description of a non-number conserving Hamiltonian

Anomalous propagators

G"™(11) = (=) (Lol T [$()D(1)]1%0)  G*2(11") = (i) (Wo|T [ (1)1 (1')| | wo)

Nambu formalism and the Gorkov propagator

PP D)) )] o) = (G“em') th(n,))

A= Mﬁl(wl)wl') PBH) Ge(11) (1Y)

Strategy

Derive a closed set of equations for the Gorkov propagator and then take the
number-conserving limit.
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The particle-particle Hedin's equations

A new set of equations

(12) = Go(12) + / Go(13)3(34)C(42) d(34)
(12;1'2) = 1(6(1 2)6(2'1) — §(1'1)6(2'2)) — ‘;i%ee((g;;) . (43)6(4'3")T(12; 44")
(12;1'2") = i6(31")6(3'2")[(12; 33)
T(12;1'2") = —V(12;1'2") — T(12;33')K(33'; 44')V (44';1'2")

(11') = i06(2'2)T(12; 33)['(33';2'1')
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The particle-particle vertex

The T-matrix as a first approximation

(12) = Go(12) + / Go(13)3)(34)((42) d(34)

[(12;1'2') = = (5(1'2)6(2'1) — 6(1'1)5(2'2))

(12;1'2") = 5 (6(12')6(21") — G(22')G(11))
T(12;1'2') = —V(12;1'2') — T(12;33)K(33';44')V(44'; 1'2")
(1) = i6(2'2)T(12; 1'2")

[N R
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The particle-particle vertex

The T-matrix as a first approximation

(12) = Go(12) + / Go(13)3)(34)((42) d(34)

[(12;1'2') = = (5(1'2)6(2'1) — 6(1'1)5(2'2))

(12;1'2") = 5 (6(12')6(21") — G(22')G(11))
T(12;1'2') = —V(12;1'2') — T(12;33)K(33';44')V(44'; 1'2")
(1) = i6(2'2)T(12; 1'2")

[N R

1 2/ 1 —— 2/ 1 2/

2 1 2 —<— 1’ 2 Iy

6th Workshop on “Green'’s function methods: the next generation”, Toulouse, (2024) 17/22



Vertex corrections to the GT self-energy

Zeroth iteration
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Vertex corrections to the GT self-energy

Zeroth iteration

o= | T

Second iteration: outer and inner corrections
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The particle-particle Bethe-Salpeter equation




Two-body Bethe-Salpeter equations

The electron-hole Bethe-Salpeter equation

L(12;1'2') = Lo(12;1'2") +/d(3456) Lo(14;1'3)=°"(36; 45)L(52; 62').

5

1 2/ 1] —<— 2 1 < 2/
=] + Ech < L

iy 2 1 —»—2 17—

A
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Two-body Bethe-Salpeter equations

The electron-hole Bethe-Salpeter equation

L(12;1'2') = Lo(12;1'2") +/d(3456) Lo(14;1'3)=°"(36; 45)L(52; 62').

5
1 2/ 1] —<— 2 1 < 2/
=] + Ech < L
1 2 1 —»—2 1 > > 2

The particle-particle Bethe-Salpeter equation

A

K(12;1'2) = Ko(12;1'2') — /d(3456) K(12; 56)ZPP (56; 34)Ko (34; 1'2")

VS
1 2 a2 1 P 2 1 < 2
- _ + K zpe
/\\ >
2 7 2—e—1 2 2 < 1

4 3
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What's the difference?

The two kernels

6N (13)
=efi9. _
2eM(12;34) 56 (12)

U=0
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What's the difference?

The two kernels
53N (13) /d(3’44’) G(24)2PP(34;3'4")K(3'4/;1'2") =

=eh(19. _
2N(12;34) 3G (42)

v=0 / d(3'44") G(41')=2°"(34'; 43)L(3'2; 4'2")
Csanak, Taylor and Yaris, Adv. Atom. Mol. Phys. 7 (1971) 287-361
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What's the difference?

The two kernels
5¥en(13) /d(3’44’) G(24)2PP(34;3'4)K(3'4';1'2") =

=efi9. _
2N(12;34) 3G (42)

u=0 / d(3'44") G(41')=2°"(34'; 43)L(3'2; 4'2")
Csanak, Taylor and Yaris, Adv. Atom. Mol. Phys. 7 (1971) 287-361

A new expression for the particle-particle kernel

55 (34)

U=0
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Valence double ionization potentials

Error distribution for 46 DIP of 23 small molecules

EOM-DIP-CCSD ppRPAQHF ppBSEQGW
108 \isk MAE MAE
8} 0.52 eV 0.58 eV 0.74 eV
6
4
2
0
-2 0 2 4 6 8 -2 0 2 4 6 8 -2 0 2 4 6 8
Error (eV) Error (eV) Error (eV)
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Conclusion and perspectives




Conclusion and perspectives

Conclusions

e A set of equations has been derived for the one-body propagator

e The pp T-matrix self-energy has no second-order term and the third order term
might be really expensive

e Can we couple W and T thanks to the Nambu formalism?
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Conclusion and perspectives

Conclusions

e A set of equations has been derived for the one-body propagator

e The pp T-matrix self-energy has no second-order term and the third order term
might be really expensive

e Can we couple W and T thanks to the Nambu formalism?

Anomalous propagators are also useful for two-body equations

e Simple expression for the kernel of the particle-particle channel!
e Accuracy of the particle-particle Bethe-Salpeter for double ionization?
e “Spin-flip-like” strategy for neutral excited states?
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Questions?



Gorkov-Hedin equations: effective interaction

Generalized T-matrix

* *—— 9

The | = | 4+ | b 1 |
[ ] *—~—o *—~—0o <0

*—— o SN S *<>9o o
Thh | = 1 T 1 1
[EPEREPY o<« 0

,—H—, ,—H—,—<—,

Tee = : : + : : :
o <o o<« <@

* o ——o o

Ten | = 1 4 | I | |
[ ] *——o *«——o ¢

Bozek, Phys Rev C 65 (2002) 034327
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Gorkov GW

Self-energy

N ~ [ W(13;31)G"(33)  —W(13';31")G""(33")
=) = 1/01(33) (-W(31’;13')Ge€(33’) W(31’;13')G%"(33") ) (1

~

Screened interaction

L
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Lehman representations

Electron-hole propagator

Ll'\,’(xQxQ/)R,A,/ (x1%17) Ll'\,’(xQxQz)Rﬁ(xlxlr)
Laxa; xuxaiw) = 3, = (EN—Ey —in) 2 (EV —EN +1in) @)

v>0 v>0

Particle-particle interaction

Ly (xixz) Ry T2 (xx5) _ Z Ly 2 (x1x5)RY ?(x1%2)

(3)
w— (E0*? — EY —in) w— (EY — EJ 72 +1in)

K(X1X2; X1/X9/; W) = Z

v v
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Particle-hole and particle-particle RPA eigenvalue problem

phRPA
A B\(x\ (1 o)\/[x
B A/ly]  “lo —1)\y)
Aﬁl%f = (eq — 6,’)(50135,'] = <Ib|G]>
By b = (ijlab)
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ppRPA

(

C
Bt

)66 YE) @

RPA
Cab,cd -

BRPA

ab,ij —

D

RPA _
iRl =

(eq + €p)dacopg + (abl|cd)
(abllij)
— (€& + €)dirdj + (ij||RL)

7)

4l
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