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I. FOURIER TRANSFORM

A. Single-time convention

The electronic structure Hamiltonian is time-independent, which means that the 2-point quantities depend on a
single time variable. The Fourier transform is defined as

G(ω) =

∫
dτ eiωτG(τ), (1)

and the inverse Fourier transform is given by

G(τ) =
1

2π

∫
dω e−iωτG(ω). (2)

B. Three-time electron-hole convention

Once again, because the electronic structure Hamiltonian is time-independent, the 4-point quantities depend on
only three time variables. There are multiple possible choices for these three independent time variables, some of
which simplify the Fourier transforms of the quantities involved. However, a key challenge arises because different
channels naturally favour different choices of time variables, and these channels become intertwined in the parquet
decomposition of F . In this section and the next, we will define two distinct conventions.

The eh time-dependence convention is set to be

F (12; 34) = F (x1x2;x3x4; τ13, τ24, τ23), (3)

and the associated three-time Fourier transform is defined as

F (x1x2;x3x4; ν, ν
′, ω) =

∫
d(τ13τ24τ23) e

iντ13+iν′τ24+iωτ23F (x1x2;x3x4; τ13, τ24, τ23). (4)

In Matsubara terms, both ν and ν′ are fermionic frequencies, whereas ω is a bosonic frequency. This distinction arises
because G2, and consequently F , is antisymmetric with respect to the time arguments τ13 and τ24, while it remains
symmetric with respect to τ23.

The eh scattering corresponding to this convention is drawn in Fig. 1.1 The pair of ingoing (blue) and outgoing (red)
particles both have a total energy ω, which is preserved through scattering. However, the energy difference between
the two particles is allowed to vary.

G2

ν ν′

ω + ν ω + ν′

FIG. 1. Scattering of an eh pair of energy ω. The blue (red) lines represent the ingoing (outgoing) particles.

C. Three-time particle-particle convention

The pp time-dependence convention is set to be

FP(12; 34) = FP(x1x2;x3x4; τ12, τ43, τ13), (5)

where the index P is here to indicate that the alternative convention has been used. The associated three-time Fourier
transform is defined as

FP(x1x2;x3x4; ν, ν
′, ω) =

∫
d(τ12τ43τ13) e

iντ12+iν′τ43+iωτ13FP(x1x2;x3x4; τ12, τ43, τ13). (6)
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The electron-electron scattering corresponding to this convention is drawn in Fig. 2.1 The pair of ingoing (blue)
and outgoing (red) particles both have a total energy ω, which is preserved through scattering. However, the energy
difference between the two particles is allowed to vary.

G2

ν′ ν

ω − ν ω − ν′

FIG. 2. Scattering of an ee pair of energy ω. The blue (red) lines represent the ingoing (outgoing) particles.

D. Link between conventions

One can link these two conventions

F (x1x2;x3x4; ν, ν
′, ω)

=

∫
d(τ13τ24τ23) e

iντ13+iν′τ24+iωτ23FP(x1x2;x3x4; τ13 − τ23,−τ24 + τ23, τ13)

=
1

(2π)3

∫
d(ω1ω2ω3)FP(x1x2;x3x4;ω1, ω2, ω3)

×
∫

d(τ13τ24τ23) e
iντ13+iν′τ24+iωτ23e−iω1(τ13−τ23)e−iω2(−τ24+τ23)e−iω3τ13

=

∫
d(ω1ω2ω3)FP(x1x2;x3x4;ω1, ω2, ω3)δ(ν − ω1 − ω3)δ(ν

′ + ω2)δ(ω + ω1 − ω2),

(7)

through a mere frequency shift

F (x1x2;x3x4; ν, ν
′, ω) = FP(x1x2;x3x4;−ω − ν′,−ν′, ω + ν + ν′). (8)

This relation can be inverted to give

FP(x1x2;x3x4; ν, ν
′, ω) = F (x1x2;x3x4;ω + ν,−ν′, ν′ − ν). (9)

II. ELECTRON-HOLE BETHE-SALPETER EQUATION

This section will discuss the solution of the eh-BSE

L(12; 1′2′) = L0(12; 1
′2′) +

∫
d(343′4′)L0(13

′; 1′3)Γeh(34; 3′4′)L(4′2; 42′), (10)

in a finite basis of orbitals.

A. Fourier transform

Once the time indices are explicitly written down (in the eh convention of Sec. I B), the eh-BSE becomes

L(τ11′ , τ22′ , τ21′) = L0(τ11′ , τ22′ , τ21′) +

∫
d(t1′t2′t3′t4′)L0(τ11′ , τ3′3, τ3′1′)Γ

eh(τ33′ , τ44′ , τ43′)L(τ4′4, τ22′ , τ24). (11)
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The spin-space indices are not written for the sake of conciseness. This can be Fourier transformed as

L(ν, ν′, ω) = L0(ν, ν
′, ω) +

∫
dτ21′ e

iωτ21′

∫
d(t3t4t3′t4′)L0(ν, τ3′3, τ3′1′)Γ

eh(τ33′ , τ44′ , τ43′)L(τ4′4, ν
′, τ24)

= L0(ν, ν
′, ω) +

1

(2π)2

∫
d(ν1ν2)

∫
dτ21′ e

iωτ21′

∫
d(t4t3′)L0(ν, ν1, τ3′1′)Γ

eh(ν1, ν2, τ43′)L(ν2, ν
′, τ24)

= L0(ν, ν
′, ω) +

1

(2π)2

∫
d(ν1ν2)L0(ν, ν1, ω)Γ

eh(ν1, ν2, ω)L(ν2, ν
′, ω),

(12)

and this yields

L(x1x2;x1′x2′ ;ω) = L0(x1x2;x1′x2′ ;ω)

+
1

(2π)2

∫
d(ν1ν2)L0(x1x3′ ;x1′x3; ν1, ω)Γ

eh(x3x4;x3′x4′ ; ν1, ν2, ω)L(x4′x2;x4x2′ ; ν2, ω), (13)

once the eh pair is assumed to be created and annihilated instantaneously.2
Unfortunately, because the kernel depends on three frequencies, the above equation cannot be inverted. Following

the methodology introduced for the usual eh-BSE case,3 an effective dynamic kernel is defined as

Γ̃eh(ω) =
1

(2π)2

∫
d(ν1ν2) (L

−1
0 )(ω)L0(ν1, ω)Γ

eh(ν1, ν2, ω)L(ν2, ω)(L
−1)(ω), (14)

such that the eh-BSE becomes
L(ω) = L0(ω) + L0(ω)Γ̃

eh(ω)L(ω), (15)
and is now easily invertible, as follows

L−1(x1x2;x1′x2′ ;ω) = L−1
0 (x1x2;x1′x2′ ;ω)− Γ̃eh(x1x2;x1′x2′ ;ω). (16)

However, as readily seen in Eq. (14), its kernel self-consistently depends on L. In order to suppress this dependency,
the effective kernel is approximated as

Γ̃eh(ω) =
1

(2π)2

∫
d(ν1ν2) (L

−1
0 )(ω)L0(ν1, ω)Γ

eh(ν1, ν2, ω)L0(ν2, ω)(L
−1
0 )(ω), (17)

where one simply replaces the kernel L by its independent-particle version L0 in Eq. (14). Finally, note that if the kernel
is static, or is assumed to be static, i.e. Γeh(ν1, ν2, ω) = Γeh, the approximate dynamic kernel remains unchanged, i.e.
Γ̃eh(ω) = Γeh.

B. Independent-particle propagator

The eh non-interacting propagator is defined as
L0(12; 1

′2′) = G(12′)G(21′), (18)
and its time-dependence (in the eh convention of Sec. I B) is

L0(x1x2;x1′x2′ ; τ11′ , τ22′ , τ21′) = G(x1x2′ ; τ12′)G(x2x1′ ; τ21′)

= G(x1x2′ ; τ11′ − τ21′ + τ22′)G(x2x1′ ; τ21′).
(19)

It can be Fourier transformed as
L0(x1x2;x1′x2′ ; ν, ν

′, ω)

=

∫
d(τ11′τ22′τ21′) e

iντ11′+iν′τ22′+iωτ21′

×
(

1

2π

∫
dω1 e

−iω1(τ11′−τ21′+τ22′ )G(x1x2′ ;ω1)

)(
1

2π

∫
dω2 e

−iω2τ21′G(x2x1′ ;ω2)

)
=

1

(2π)2

∫
d(ω1ω2)G(x1x2′ ;ω1)G(x2x1′ ;ω2)

×
(∫

dτ13 e
iντ11′ e−iω1τ11′

)(∫
dτ22′ e

iν′τ22′ e−iω1τ22′

)(∫
dτ21′ e

iωτ21′ eiω1τ21′ ei−ω2τ21′

)
= 2πG(x1x2′ ; ν)G(x2x1′ ;ω + ν)δ(ν − ν′).

(20)
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The single-frequency propagator is obtained by integrating out the two fermionic frequencies

L0(x1x2;x1′x2′ ;ω) =
1

2π

∫
dν G(x1x2′ ; ν + ω)G(x2x1′ ; ν), (21)

and can be computed as

L0(x1x2;x1′x2′ ;ω)

=
1

2π

∫
dν

(∑
i

ϕi(x1)ϕ
∗
i (x2′)

ν − (εi − ω + iη)
+
∑
a

ϕa(x1)ϕ
∗
a(x2′)

ν − (εa − ω − iη)

)∑
j

ϕj(x2)ϕ
∗
j (x1′)

ν − (εj + iη)
+
∑
b

ϕb(x2)ϕ
∗
b(x1′)

ν − (εb − iη)


=

1

2π

∫
dν
∑
ib

ϕi(x1)ϕ
∗
i (x2′)

ν − (εi − ω + iη)

ϕb(x2)ϕ
∗
b(x1′)

ν − (εb − iη)
+

1

2π

∫
dν
∑
ja

ϕa(x1)ϕ
∗
a(x2′)

ν − (εa − ω − iη)

ϕj(x2)ϕ
∗
j (x1′)

ν − (εj + iη)

= i
∑
ib

ϕi(x1)ϕ
∗
i (x2′)ϕb(x2)ϕ

∗
b(x1′)

(εi − ω + iη)− (εb − iη)
+ i
∑
ja

ϕa(x1)ϕ
∗
a(x2′)ϕj(x2)ϕ

∗
j (x1′)

(εj + iη)− (εa − ω − iη)

= −i
∑
ib

ϕi(x1)ϕ
∗
i (x2′)ϕb(x2)ϕ

∗
b(x1′)

ω − (εi − εb + 2iη)
+ i
∑
ja

ϕa(x1)ϕ
∗
a(x2′)ϕj(x2)ϕ

∗
j (x1′)

ω − (εa − εj − 2iη)
.

(22)

Once projected in a basis, this yields

(L0)pqrs(ω) = i
∑
ia

δpaδsaδqiδri
ω − (εa − εi − 2iη)

− i
∑
ia

δpiδsiδqaδra
ω − (εi − εa + 2iη)

. (23)

C. Spin-orbital expression

Once projected in a basis set, the eh-BSE reads

(L)pqrs(ω) = (L0)pqrs(ω) + (L0)ptru(ω)Γ̃
eh
uvtw(ω)Lwqvs(ω), (24)

or

(L)−1
pqrs(ω) = (L0)

−1
pqrs(ω)− Γ̃eh

pqrs(ω), (25)

where the independent-particle propagator tensor can be transformed into a diagonal matrix by defining composite
indices L0 = (L0)rp,qs

(L0)
−1 =

(
(L0)ia,ia 0

0 (L0)ai,ai

)−1

=

(
−i diag[ω − (εa − εi)] 0

0 i diag[ω + (εa − εi)]

)
= −i

(
ω 0
0 −ω

)
+ i

(
εai 0
0 εai

)
, (26)

where εai = diag(εa − εi) and ω = ω1. Hence, the BSE can be written as

L−1(ω) = L−1
0 (ω)− Γ̃

eh
(ω) = −i

[(
ω 0
0 −ω

)
−
(
εai 0
0 εai

)
− iΓ̃

eh
(ω)

]
= −iM · [ω1−Heh(ω)], (27)

where the metric M and the effective Hamiltonian matrix Heh(ω) are defined as

M =

(
1 0
0 −1

)
, Heh(ω) =

(
Aeh(ω) Beh

−(Beh)† −(Aeh)†(ω)

)
, (28)

in terms of the blocks given by

Aeh
ia,jb(ω) = (εa − εi)δabδij + iΓ̃eh

ajib(ω), (29a)
Beh

ia,bj = iΓ̃eh
abij . (29b)
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The eigenvalue decomposition of the latter is written as (Leh)† · Eeh ·Reh, where the diagonal matrix Eeh gathers the
eigenvalues, and the left and right eigenvectors are given by

Heh ·Reh = Reh · Eeh, (Heh)† ·Leh = Leh · Eeh, (30)

and fulfil the orthonormality condition (Leh)† ·Reh = 1 More precisely, the eigenvectors can be written as

Leh =

(
(Xeh)† −Y eh

−(Y eh)† Xeh

)
, Reh =

(
Xeh (Y eh)†

Y eh (Xeh)†

)
, (31)

and the eigenvalue matrix is

Eeh =

(
Ωeh 0

0 −Ωeh

)
. (32)

The inverse propagator can be written as

L−1(ω) = −iM · (Leh)† · [ω1− Eeh] ·Reh, (33)

and then inverted

L(ω) = iReh · [ω1− Eeh]−1 · (Leh)† ·M, (34)

to finally give

L(ω) = i

(
L1(ω) L2(ω)
L3(ω) L4(ω)

)
, (35)

with

L1(ω) = Xeh · [ω1−Ωeh]−1 · (Xeh)† − (Y eh)∗ · [ω1+Ωeh]−1 · (Y eh)ᵀ, (36a)
L2(ω) = Xeh · [ω1−Ωeh]−1 · (Y eh)† − (Y eh)∗ · [ω1+Ωeh]−1 · (Xeh)ᵀ, (36b)
L3(ω) = Y eh · [ω1−Ωeh]−1 · (Xeh)† − (Xeh)∗ · [ω1+Ωeh]−1 · (Xeh)ᵀ, (36c)
L4(ω) = Y eh · [ω1−Ωeh]−1 · (Y eh)† − (Xeh)∗ · [ω1+Ωeh]−1 · (Xeh)ᵀ. (36d)

This matrix can be written as

Lrp,qs(ω) = i
∑
n

ρeh
rp,nρ

eh,∗
qs,n

ω − (Ωeh
n − iη)

− i
∑
n

ρeh,∗
pr,nρ

eh
sq,n

ω − (−Ωeh
n + iη)

, (37)

where

ρeh
rp,n =

∑
jb

[
Xeh

jb,nδrbδpj + Y eh
bj,nδrjδpb

]
. (38)

D. Spin adaptation

The eh-BSE for the three different spin combination reads

L(1↑2↑; 1
′
↑2

′
↑) = L0(1↑2↑; 1

′
↑2

′
↑) +

∑
σ3σ4
σ3′σ4′

L0(1↑3
′
σ3′

; 1′↑3σ3
)Γeh(3σ3

4σ4
; 3′σ3′

4′σ4′
)L(4′σ4′

2↑; 4σ4
2′↑), (39a)

L(1↑2↓; 1
′
↑2

′
↓) = L0(1↑2↓; 1

′
↑2

′
↓) +

∑
σ3σ4
σ3′σ4′

L0(1↑3
′
σ3′

; 1′↑3σ3
)Γeh(3σ3

4σ4
; 3′σ3′

4′σ4′
)L(4′σ4′

2↓; 4σ4
2′↓), (39b)

L(1↑2↓; 1
′
↓2

′
↑) = L0(1↑2↓; 1

′
↓2

′
↑) +

∑
σ3σ4
σ3′σ4′

L0(1↑3
′
σ3′

; 1′↓3σ3)Γ
eh(3σ34σ4 ; 3

′
σ3′

4′σ4′
)L(4′σ4′

2↓; 4σ42
′
↑), (39c)
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where we have made explicit the sum over integrated spin variables. The spin independence of G can be used to
simplify these sums

L(1↑2↑; 1
′
↑2

′
↑) = L0(1↑2↑; 1

′
↑2

′
↑) +

∑
σ4σ4′

L0(1↑3
′
↑; 1

′
↑3↑)Γ

eh(3↑4σ4
; 3′↑4

′
σ4′

)L(4′σ4′
2↑; 4σ4

2′↑), (40a)

L(1↑2↓; 1
′
↑2

′
↓) = L0(1↑2↓; 1

′
↑2

′
↓) +

∑
σ4σ4′

L0(1↑3
′
↑; 1

′
↑3↑)Γ

eh(3↑4σ4
; 3′↑4

′
σ4′

)L(4′σ4′
2↓; 4σ4

2′↓), (40b)

L(1↑2↓; 1
′
↓2

′
↑) = L0(1↑2↓; 1

′
↓2

′
↑) +

∑
σ4σ4′

L0(1↑3
′
↓; 1

′
↓3↑)Γ

eh(3↑4σ4′ ; 3
′
↓4

′
σ4′

)L(4′σ4′
2↓; 4σ42

′
↑). (40c)

They can be further simplified by considering only the non-zero spin combinations for two-body quantities

L(1↑2↑; 1
′
↑2

′
↑) = L0(rt1rt2; rt1′rt2′)

+ L0(rt1rt3′ ; rt1′rt3)

[
Γeh(3↑4↑; 3

′
↑4

′
↑)L(4

′
↑2↑; 4↑2

′
↑) + Γeh(3↑4↓; 3

′
↑4

′
↓)L(4

′
↓2↑; 4↓2

′
↑)

]
,

(41a)

L(1↑2↓; 1
′
↑2

′
↓) = 0

+ L0(rt1rt3′ ; rt1′rt3)

[
Γeh(3↑4↑; 3

′
↑4

′
↑)L(4

′
↑2↓; 4↑2

′
↓) + Γeh(3↑4↓; 3

′
↑4

′
↓)L(4

′
↓2↓; 4↓2

′
↓)

]
,

(41b)

L(1↑2↓; 1
′
↓2

′
↑) = L0(rt1rt2; rt1′rt2′) + L0(rt1rt3′ ; rt1′rt3)

[
Γeh(3↑4↓; 3

′
↓4

′
↑)L(4

′
↑2↓; 4↓2

′
↑)

]
. (41c)

For an eh propagator, the incoming electron and hole have indices 2 and 2’, respectively. The corresponding outgoing
particles have indices 1’ and 1. The eh pair with spin Sz = −1 is ↓↑ and the corresponding propagator L↑↓↓↑ is
decoupled from the other propagators and, therefore, is already spin-adapted. It corresponds to the propagation of
a Sz = −1 triplet eh pair. The remaining two components L↑↑↑↑ and L↑↓↑↓ are coupled. They correspond to the
propagation of Sz = 0 eh pairs and can be spin-adapted through

Ld(rt1rt2; rt1′rt2′) = L(1↑2↑; 1
′
↑2

′
↑) + L(1↑2↓; 1

′
↑2

′
↓), (42a)

Lm(rt1rt2; rt1′rt2′) = L(1↑2↑; 1
′
↑2

′
↑)− L(1↑2↓; 1

′
↑2

′
↓), (42b)

leading to two decoupled BSEs

Ld(rt1rt2; rt1′rt2′) = L0(rt1rt2; rt1′rt2′) + L0(rt1rt3′ ; rt1′rt3)Γ
d(rt3rt4; rt3′rt4′)L

d(rt4′rt2; rt4rt2′), (43a)
Lm(rt1rt2; rt1′rt2′) = L0(rt1rt2; rt1′rt2′) + L0(rt1rt3′ ; rt1′rt3)Γ

m(rt3rt4; rt3′rt4′)L
m(rt4′rt2; rt4rt2′). (43b)

These two spin-adapted propagators are referred to as the density Ld and magnetic Lm propagators, respectively, and
they correspond to the propagation of Sz = 0/S = 0 and Sz = 0/S = 1 eh pairs.

E. Spatial-orbital expression

The BSEs for the density and magnetic eh propagators can be solved in the exact same way as the BSE for the full
eh propagator, but in spatial orbital basis rather than in spin-orbital basis. Hence, solving the density channel BSE is
equivalent to diagonalizing an effective Hamiltonian matrix Hd(ω) defined as

Hd(ω) =

(
Ad(ω) Bd

−Bd,† −Ad,†(ω)

)
, (44)

in terms of

Ad
ia,jb(ω) = (εa − εi)δabδij + iΓ̃d

ajib(ω), (45a)
Bd

ia,bj = +iΓ̃d
abij , (45b)

where the tensor elements of the kernel are given by

Γ̃d
pqrs(ω) = Γ̃eh

p↑q↑r↑s↑
(ω) + Γ̃eh

p↑q↓r↑s↓
(ω). (46)



8

On the other hand, the effective Hamiltonian matrix Hm(ω) to diagonalize for the magnetic channel BSE is given by

Hm(ω) =

(
Am(ω) Bm

−Bm,† −Am,†(ω)

)
, (47)

in terms of

Am
ia,jb(ω) = (εa − εi)δabδij + iΓ̃m

ajib(ω), (48a)
Bm

ia,bj = +iΓ̃m
abij , (48b)

where the tensor elements of the kernel are given by

Γ̃m
pqrs(ω) = Γ̃eh

p↑q↓r↓s↑
(ω). (49)

III. PARTICLE-PARTICLE BETHE-SALPETER EQUATION

This section will discuss the solution of the pp-BSE

K(12; 1′2′) = K0(12; 1
′2′)− 1

2

∫
d(33′44′)K0(12; 33

′)Γpp(33′; 44′)K0(44
′; 1′2′), (50)

in a finite basis of orbitals.

A. Fourier transform

In the pp time convention, the pp-BSE is

KP(τ12, τ2′1′ , τ11′) = K0,P(τ12, τ2′1′ , τ11′)

− 1

2

∫
d(t3t4t3′t4′)K0,P(τ12, τ33′ , τ13)Γ

pp
P (τ3′3, τ44′ , τ34)KP(τ4′4, τ2′1′ , τ41′), (51)

where the pp non-interacting propagator has been defined in Eq. (58). The pp time convention will be used throughout
this section and will be dropped for the sake of conciseness. Once Fourier transformed, it becomes

K(ν, ν′, ω) = K0(ν, ν
′, ω)− 1

2(2π)2

∫
d(ν1ν2)K0(ν, ν1, ω)Γ

pp(ν1, ν2, ω)K(ν2, ν
′, ω), (52)

which simplifies as

K(x1x2;x1′x2′ ;ω) = K0(x1x2;x1′x2′ ;ω)

− 1

2(2π)2

∫
d(ν1ν2)K0(x1x2;x3x3′ ;−η, ν1, ω)Γ

pp(x3x3′ ;x4x4′ ; ν1, ν2, ω)K(x4x4′ ;x1′x2′ ; ν2, η, ω), (53)

once the pp pair is assumed to be created and annihilated instantaneously.2
Unfortunately, because the kernel depends on three frequencies, the above equation cannot be inverted. Following

the methodology introduced for the usual eh-BSE case,3 an effective dynamic kernel is defined as4

Γ̃pp(ω) =
1

(2π)2

∫
d(ν1ν2) (K

−1)(ω)K(−η, ν1, ω)Γ
pp(ν1, ν2, ω)K0(ν2, η, ω)(K

−1
0 )(ω), (54)

such that the pp-BSE becomes

K(ω) = K0(ω)−
1

2
K(ω)Γ̃pp(ω)K0(ω), (55)

and is now easily invertible, as follows

K−1(x1x2;x1′x2′ ;ω) = K−1
0 (x1x2;x1′x2′ ;ω) +

1

2
Γ̃pp(x1x2;x1′x2′ ;ω). (56)
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However, as readily seen in Eq. (54), its kernel self-consistently depends on K. In order to suppress this dependency,
the effective kernel is approximated as

Γ̃pp(ω) ≈ 1

(2π)2

∫
d(ν1ν2) (K

−1
0 )(ω)K0(−η, ν1, ω)Γ

pp(ν1, ν2, ω)K0(ν2, η, ω)(K
−1
0 )(ω), (57)

where one simply replaces the kernel K by its independent-particle version K0 in Eq. (54). Finally, note that if
the kernel is static, or is assumed to be static, i.e. Γpp(ν1, ν2, ω) = Γpp, the approximate dynamic kernel remains
unchanged, i.e. Γ̃pp(ω) = Γpp.

B. Independent-particle propagator

The pp non-interacting propagator is defined as

K0(12; 1
′2′) =

1

2
[G(11′)G(22′)−G(12′)G(21′)], (58)

and its time-dependence (in the pp convention of Sec. I C) is

K0(x1x2;x
′
1x

′
2; τ12, τ2′1′ , τ11′)

=
1

2
G(x1x1′ ; τ11′)G(x2x2′ ; τ22′)−

1

2
G(x1x2′ ; τ12′)G(x2x1′ ; τ21′)

=
1

2
G(x1x1′ ; τ11′)G(x2x2′ ;−τ12 + τ11′ − τ2′1′)−

1

2
G(x1x2′ ; τ11′ − τ2′1′)G(x2x1′ ;−τ12 + τ11′)

= KI
0(x1x2;x1′x2′ ; τ12, τ2′1′ , τ11′) +KII

0 (x1x2;x3x4; τ12, τ2′1′ , τ11′).

(59)

The first term can be Fourier transformed as
KI

0(x1x2;x1′x2′ ; ν, ν
′, ω)

=
1

2

∫
d(τ12τ2′1′τ11′) e

iντ12+iν′τ2′1′+iωτ11′

×
(

1

2π

∫
dω1 e

−iτ11′ω1G(x1x1′ ;ω1)

)(
1

2π

∫
dω2 e

−i(−τ12+τ11′−τ2′1′ )ω2G(x2x2′ ;ω2)

)
=

1

2(2π)2

∫
d(ω1ω2)G(x1x1′ ;ω1)G(x2x2′ ;ω2)

×
(∫

dτ12e
iντ12eiτ12ω2

)(∫
dτ2′1′e

iν′τ2′1′ eiτ2′1′ω2

)(∫
dτ11′e

iωτ11′ e−iτ11′ω1e−iτ11′ω2

)
=

1

2(2π)

∫
dω1 G(x1x1′ ;ω1)G(x2x2′ ;−ν)

(∫
dτ1′2′e

iν′τ2′1′ eiτ2′1′ω2

)(∫
dτ11′e

iωτ11′ e−iτ11′ω1eiτ11′ν
)

=
2π

2
G(x1x1′ ;ω + ν)G(x2x2′ ;−ν)δ(ν − ν′),

(60)

while the Fourier transform of the second term reads
KII

0 (x1x2;x1′x2′ ; ν, ν
′, ω) =

1

2

∫
d(τ12τ2′1′τ11′) e

iντ12+iν′τ2′1′+iωτ11′

×
(

1

2π

∫
dω1 e

−i(τ11′−τ2′1′ )ω1G(x1x2′ ;ω1)

)(
1

2π

∫
dω2 e

−i(−τ12+τ11′ )ω2G(x2x1′ ;ω2)

)
=

1

2(2π)2

∫
d(ω1ω2)G(x1x2′ ;ω1)G(x2x1′ ;ω2)

×
(∫

dτ12e
iντ12eiτ12ω2

)(∫
dτ2′1′e

iν′τ2′1′ eiτ2′1′ω1

)(∫
dτ11′e

iωτ11′ e−iτ11′ω1e−iτ11′ω2

)
=

1

2(2π)

∫
dω1 G(x1x2′ ;ω1)G(x2x1′ ;−ν)

(∫
dτ2′1′e

iν′τ2′1′ eiτ2′1′ω1

)(∫
dτ11′e

iωτ11′ e−iτ11′ω1eiτ11′ν
)

=
2π

2
G(x1x2′ ;ω + ν)G(x2x1′ ;−ν)δ(ν + ω + ν′).

(61)
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The single-frequency propagator is obtained by integrating out the two fermionic frequencies

K0(x1x2;x1′x2′ ;ω) =
1

4π

∫
dν [G(x1x1′ ;ω + ν)G(x2x2′ ;−ν)−G(x1x2′ ;ω + ν)G(x2x1′ ;−ν)]. (62)

The first term is computed as

KI
0(ω) =

1

4π

∫
dν G(x1x1′ ;ω + ν)G(x2x2′ ;−ν)

=
1

4π

∫
dν

(∑
i

ϕi(x1)ϕ
∗
i (x1′)

ν − (−ω + εi + iη)
+
∑
a

ϕa(x1)ϕ
∗
a(x1′)

ν − (−ω + εa − iη)

)−
∑
j

ϕj(x2)ϕ
∗
j (x2′)

ν − (−εj − iη)
−
∑
b

ϕb(x2)ϕ
∗
b(x2′)

ν − (−εb + iη)


= − 1

4π

∫
dω′

∑
ij

ϕi(x1)ϕ
∗
i (x1′)

ν − (−ω + εi + iη)

ϕj(x2)ϕ
∗
j (x2′)

ν − (−εj − iη)
− 1

4π

∫
dω′

∑
ab

ϕa(x1)ϕ
∗
a(x1′)

ν − (−ω + εa − iη)

ϕb(x2)ϕ
∗
b(x2′)

ν − (−εb + iη)
(63)

= −2πi

4π

∑
ij

ϕi(x1)ϕ
∗
i (x1′)ϕj(x2)ϕ

∗
j (x2′)

(−ω + εi + iη)− (−εj − iη)
− 2πi

4π

∑
ab

ϕa(x1)ϕ
∗
a(x1′)ϕb(x2)ϕ

∗
b(x2′)

(−εb + iη)− (−ω + εa − iη)

=
i

2

∑
ij

ϕi(x1)ϕ
∗
i (x1′)ϕj(x2)ϕ

∗
j (x2′)

ω − (εi + εj + 2iη)
− i

2

∑
ab

ϕa(x1)ϕ
∗
a(x1′)ϕb(x2)ϕ

∗
b(x2′)

ω − (+εa + εb − 2iη)
,

and, once projected in the finite basis set, reads

(KI
0)pqrs(ω) =

i

2

∑
ij

δpiδqjδriδsj
ω − (εj + εi + 2iη)

−
∑
ab

δpaδqbδraδsb
ω − (εa + εb − 2iη)

 . (64)

The second term is computed similarly

KII
0 (ω) =

i

2

∑
ij

ϕi(x1)ϕ
∗
i (x2′)ϕj(x2)ϕ

∗
j (x1′)

ω − (εi + εj + 2iη)
− i

2

∑
ab

ϕa(x1)ϕ
∗
a(x2′)ϕb(x2)ϕ

∗
b(x1′)

ω − (+εa + εb − 2iη)
, (65)

and, once projected in the finite basis set, reads

(KII
0 )pqrs(ω) =

i

2

−
∑
ij

δqiδpjδriδsj
ω − (εj + εi + 2iη)

+
∑
ab

δqaδpbδraδsb
ω − (εa + εb − 2iη)

 . (66)

These two expressions are gathered to form the tensor elements of K0

(K0)pqrs(ω) = (KI
0)pqrs(ω) + (KII

0 )pqrs(ω)

=
i

2

∑
ij

δqjδpiδriδsj
ω − (εj + εi + 2iη)

−
∑
ab

δqbδpaδraδsb
ω − (εa + εb − 2iη)


− i

2

∑
ij

δpjδqiδriδsj
ω − (εj + εi + 2iη)

−
∑
ab

δpbδqaδraδsb
ω − (εa + εb − 2iη)

 .

(67)

Therefore, K0 has the following antisymmetric properties (K0)pqrs = −(K0)qprs = −(K0)pqsr = (K0)qpsr, which can
be used to reduce the size of the space that one must consider (see below).

C. Spin-orbital expression

Once projected in a basis set, the pp-BSE reads

Kpqrs(ω) = (K0)pqrs(ω) +
1

2
(K0)pqtu(ω)Γ̃

pp
tuvw(ω)Kvwrs(ω), (68)
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but it cannot be inverted yet. To do so one must first recast the two-electron basis set {ϕp(x1)ϕq(x2)}{p,q}∈[1,K]2

(where K is the size of the basis set) as{
ϕp(x1)ϕq(x2)− ϕq(x1)ϕp(x2)√

2

}
p<q,q∈[1,K]

⋃
{ϕp(x1)ϕp(x2)}p∈[1,K]

⋃{
ϕp(x1)ϕq(x2) + ϕq(x1)ϕp(x2)√

2

}
p<q,q∈[1,K]

. (69)

In other words, the basis set is decomposed into its antisymmetric and symmetric parts. Because of their antisymmetric
nature, K, K0 and Γ̃pp are non-zero only in the first subset. We denote the matrix elements in the antisymmetric
(resp. symmetric) basis set as Kpqrs (resp. Kpqrs). Note that, in this subset, we have p < q and r < s (resp. p 6 q

and r 6 s). Hence, due to these restrictions on p, q, r, and s, only the second term in Eq. (67) is non-zero, and the
matrix elements in the antisymmetric basis are

(K0)pqrs(ω) = i
∑
i<j

δriδsjδpiδqj
ω − (εi + εj + 2iη)

− i
∑
a<b

δraδsbδpaδqb
ω − (εa + εb − 2iη)

, (70)

and, for the kernel, we have Γpp
pqrs(ω) = 2Γpp

pqrs(ω). In the antisymmetric basis, the BSE can be inverted and reads

(K)−1
pqrs(ω) = (K0)

−1
pqrs(ω) +

1

2
Γ̃pp
pqrs(ω). (71)

The independent-particle propagator tensor can be transformed into a diagonal matrix by defining composite indices
K0 = (K0)pq,rs

(K0)
−1 =

(
(K0)ab,ab 0

0 (K0)ij,ij

)−1

=

(
i diag[ω − (εa + εb)] 0

0 i diag[(εi + εj)− ω]

)
= i

(
ω 0
0 −ω

)
+ i

(
−εab 0
0 εij

)
,

(72)

where εij = diag(εi + εj) and εab = diag(εa + εb). Hence, the BSE can be written as

K−1(ω) = K−1
0 (ω) +

1

2
Γ̃

pp
(ω) = i

[(
ω 0
0 −ω

)
−
(
εab 0
0 −εij

)
− i

2
Γ̃

pp
(ω)

]
= iM · [ω1−Hpp(ω)], (73)

with an effective Hamiltonian matrix Hpp(ω) defined as

Hpp(ω) =

(
Cpp(ω) Bpp

−(Bpp)† −Dpp(ω)

)
, (74)

in terms of the blocks given by

Cpp
ab,cd(ω) = (εa + εb)δacδbd + iΓ̃pp

abcd(ω), (75a)

Bpp
ab,ij = +iΓ̃pp

abij , (75b)

Dpp
ij,kl(ω) = −(εi + εj)δikδjl + iΓ̃pp

ijkl(ω). (75c)

In this case, the eigenvectors are

Lpp =

(
Xee −Y hh

−Y ee Xhh

)
, Rpp =

(
Xee Y hh

Y ee Xhh

)
, (76)

and the eigenvalue matrix is

Epp =

(
Ωee 0

0 −Ωhh

)
. (77)

The inverse propagator can be written as

K−1(ω) = iM · (Lpp)† · [ω1− Epp] ·Rpp, (78)
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and then inverted

K(ω) = −iRpp · [ω1− Epp]−1 · (Lpp)† ·M. (79)

In terms of the eigenvectors and eigenvalues, the pp propagator is written

K(ω) = −i

(
K1(ω) K2(ω)
K3(ω) K4(ω)

)
, (80)

with

K1(ω) = Xee · [ω1−Ωee]−1 · (Xee)ᵀ − Y hh · [ω1−Ωhh]−1 · (Y hh)ᵀ, (81a)
K2(ω) = Xee · [ω1−Ωee]−1 · (Y ee)ᵀ − Y hh · [ω1−Ωhh]−1 · (Xhh)ᵀ, (81b)
K3(ω) = Y ee · [ω1−Ωee]−1 · (Xee)ᵀ −Xhh · [ω1−Ωhh]−1 · (Y hh)ᵀ, (81c)
K4(ω) = Y ee · [ω1−Ωee]−1 · (Y ee)ᵀ −Xhh · [ω1−Ωhh]−1 · (Xhh)ᵀ, (81d)

or alternatively

Kpq,rs(ω) = −i
∑
m

[
ρee
pq,mρee,∗

rs,m

ω − (Ωee
m − iη)

−
ρhh,∗
pq,mρhh

rs,m

ω − (Ωhh
m + iη)

]
, (82)

where

ρee
pq,m =

∑
a<b

Xee
ab,mδpaδqb +

∑
i<j

Y ee
ij,mδpiδqj , (83a)

ρhh
pq,m =

∑
i<j

Xhh
ij,mδpiδqj +

∑
a<b

Y hh
ab,mδpaδqb. (83b)

D. Spin adaptation

The pp-BSE for the three different spin combination reads

K(1↑2↑; 1
′
↑2

′
↑) = K0(1↑2↑; 1

′
↑2

′
↑)−

1

2

∑
σ3σ4
σ3′σ4′

G(1↑3σ3
)G(2↑3

′
σ3′

)Γpp(3σ3
3′σ3′

; 4σ4
4′σ4′

)K(4σ4
4′σ4′

; 1′↑2
′
↑), (84a)

K(1↑2↓; 1
′
↑2

′
↓) = K0(1↑2↓; 1

′
↑2

′
↓)−

1

2

∑
σ3σ4
σ3′σ4′

G(1↑3σ3
)G(2↓3

′
σ3′

)Γpp(3σ3
3′σ3′

; 4σ4
4′σ4′

)K(4σ4
4′σ4′

; 1′↑2
′
↓), (84b)

K(1↑2↓; 1
′
↓2

′
↑) = K0(1↑2↓; 1

′
↓2

′
↑)−

1

2

∑
σ3σ4
σ3′σ4′

G(1↑3σ3)G(2↓3
′
σ3′

)Γpp(3σ33
′
σ3′

; 4σ44
′
σ4′

)K(4σ44
′
σ4′

; 1′↓2
′
↑), (84c)

where we have used the antisymmetry of Γpp to simplify one of the term of K0. The spin independence of G can be
used to simplify these sums

K(1↑2↑; 1
′
↑2

′
↑) = K0(1↑2↑; 1

′
↑2

′
↑)−

1

2

∑
σ3′σ4′

G(1↑3↑)G(2↑3
′
↑)Γ

pp(3↑3
′
↑; 4σ4

4′σ4′
)K(4σ4

4′σ4′
; 3↑4↑), (85a)

K(1↑2↓; 1
′
↑2

′
↓) =

1

2
G(1↑1

′
↑)G(2↓2

′
↓)−

1

2

∑
σ3′σ4′

G(1↑3↑)G(2↓3
′
↓)Γ

pp(3↑3
′
↓; 4σ4

4′σ4′
)K(4σ4

4′σ4′
; 1′↑2

′
↓), (85b)

K(1↑2↓; 1
′
↓2

′
↑) = −1

2
G(1↑2

′
↑)G(2↓1

′
↓)−

1

2

∑
σ3′σ4′

G(1↑3↑)G(2↓3
′
↓)Γ

pp(3↑3
′
↓; 4σ44

′
σ4′

)K(4σ44
′
σ4′

; 1′↓2
′
↑). (85c)
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They can be further simplified by considering only the non-zero spin combinations for two-body quantities

K(1↑2↑; 1
′
↑2

′
↑) = K0(rt1rt2; rt1′rt2′)−

1

2
G(rt1rt3)G(rt2rt3′)Γ

pp(3↑3
′
↑; 4↑4

′
↑)K(4↑4

′
↑; 1

′
↑2

′
↑), (86a)

K(1↑2↓; 1
′
↑2

′
↓) =

1

2
G(rt1rt1′)G(rt2rt2′)

− 1

2
G(rt1rt3)G(rt2rt3′)

[
Γpp(3↑3

′
↓; 4↑4

′
↓)K(4↑4

′
↓; 1

′
↑2

′
↓) + Γpp(3↑3

′
↓; 4↓4

′
↑)K(4↓4

′
↑; 1

′
↑2

′
↓)

]
,

(86b)

K(1↑2↓; 1
′
↓2

′
↑) = −1

2
G(rt1rt2′)G(rt2rt1′)

− 1

2
G(rt1rt3)G(rt2rt3′)

[
Γpp(3↑3

′
↓; 4↑4

′
↓)K(4↑4

′
↓; 1

′
↓2

′
↑) + Γpp(3↑3

′
↓; 4↓4

′
↑)K(4↓4

′
↑; 1

′
↓2

′
↑)

]
.

(86c)

For a pp propagator, the two incoming particles are labeled with indices 1’ and 2’, while the outgoing particles
are labeled 1 and 2. Hence, K(1↑2↑; 1

′
↑2

′
↑) corresponds to the propagation of a Sz = 1 triplet pair of electrons and is

already spin-adapted. The Sz = 0 pairs of electrons, with spin ↑↓ or ↓↑, are not eigenfunctions of the spin operator
Ŝ2. As a consequence, in this basis, Γpp(1↑2↓; 1

′
↑2

′
↓) and Γpp(1↑2↓; 1

′
↓2

′
↑) are coupled. These two propagators can be

spin-adapted by introducing the singlet and triplet propagators

Ks(rt1rt2; rt1′rt2′) = K(1↑2↓; 1
′
↑2

′
↓)−K(1↑2↓; 1

′
↓2

′
↑), (87a)

Kt(rt1rt2; rt1′rt2′) = K(1↑2↓; 1
′
↑2

′
↓) +K(1↑2↓; 1

′
↓2

′
↑) = K(1↑2↑; 1

′
↑2

′
↑), (87b)

which correspond to propagation of Sz = 0 pairs of electrons with total spin S = 0 for the singlet and S = 1 for the
triplet. In terms of these spin-adapted vertices, the last two pp-BSEs in Eqs. (86) become

Ks(rt1rt2; rt1′rt2′) = K̄0(rt1rt2; rt1′rt2′)−
1

2
K̄0(rt1rt2; rt3rt3′)Γ

s(rt3rt3′ ; rt4rt4′)K
s(rt4rt4′ ; rt1′rt2′), (88a)

Kt(rt1rt2; rt1′rt2′) = K0(rt1rt2; rt1′rt2′)−
1

2
K0(rt1rt2; rt3rt3′)Γ

t(rt3rt3′ ; rt4rt4′)K
t(rt4′rt4′ ; rt1′rt2′), (88b)

where we have introduced

K̄0 =
1

2
[G(11′)G(22′) +G(12′)G(21′)]. (89)

These two spin-adapted propagators are referred to as the singlet Ks and triplet Kt propagators, respectively.

E. Spatial-orbital expression

The BSE for the triplet pp propagator can be solved in the exact same way as the BSE for the full pp-BSE, but
in a spatial orbital basis rather than in a spin-orbital basis. Hence, solving the triplet channel BSE is equivalent to
diagonalizing an effective Hamiltonian matrix Ht(ω) defined as

Ht(ω) =

(
Ct(ω) Bt

−(Bt)† −Dt(ω)

)
, (90)

in terms of

Ct
ab,cd(ω) = (εa + εb)δacδbd + iΓ̃t

abcd(ω), (91a)
Bt

ab,ij = +iΓ̃t
abij , (91b)

Dt
ij,kl(ω) = −(εi + εj)δikδjl + iΓ̃t

ijkl(ω), (91c)

where p < q in each spatial orbital composite indices pq and the tensor elements of the kernel are given by

Γ̃t
pqrs(ω) = Γ̃pp

p↑q↑r↑s↑
(ω). (92)
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The procedure to solve the BSE for the singlet pp propagator has to be slightly adapted because K̄0 and Γ̃pp
s are

now symmetric. The Fourier transform is the same, but now the BSE is non-zero only in the symmetric subsets of
Eq. (69). This yield an effective Hamiltonian matrix Hpp

s (ω) to diagonalize given by

Hs(ω) =

(
Cs(ω) Bs

−(Bs)† −Ds(ω)

)
, (93)

in terms of

Cs
ab,cd(ω) = (εa + εb)δacδbd + iΓ̃s

abcd(ω), (94a)
Bs

ab,ij = +iΓ̃s
abij , (94b)

Ds
ij,kl(ω) = −(εi + εj)δikδjl + iΓ̃s

ijkl(ω), (94c)

where p 6 q in each composite indices pq and the tensor elements of the kernel are given by

Γ̃s
pqrs(ω) =

1√
1 + δpq

√
1 + δrs

[
Γ̃pp
p↑q↓r↑s↓

(ω)− Γ̃pp
p↑q↓r↓s↑

(ω)

]
. (95)

IV. FOURIER TRANSFORM

The aim of this section is to obtain the set of parquet equations in frequency space. The Fourier transform of
the Dyson equation is well-known, while the parquet decomposition of F in frequency space is simply given by the
definitions of the three-time Fourier transform (see Sec. I). Hence, only the BSEs and the self-energy have to be Fourier
transformed.

A. Bethe-Salpeter equations

The Fourier-transformed BSEs for the two-body propagators have already been discussed in the previous Sections.
Hence, the frequency-space form of the BSEs for the full two-body vertex can be easily deduced and read

F (x1x2;x3x4; ν, ν
′, ω) = Γeh(x1x2;x3x4; ν, ν

′, ω)

+

∫
d(ν1ν2)

(2π)2
Γeh(x1x3′ ;x3x1′ ; ν, ν1, ω)L(x1′x2′ ;x3′x4′ ; ν1, ν2, ω)Γ

eh(x4′x2;x2′x4; ν2, ν
′, ω), (96)

and

FP(x1x2;x3x4; ν, ν
′, ω) = Γpp

P (x1x2;x3x4; ν, ν
′, ω)

−
∫

d(ν1ν2)

2(2π)2
Γpp

P (x1x2;x1′x2′ ; ν, ν1, ω)KP(x1′x2′ ;x3′x4′ ; ν1, ν2, ω)Γ
pp
P (x3′x4′ ;x3x4; ν2, ν

′, ω). (97)

B. Self-energy

The Fourier transform of the correlation part of the self-energy is now performed. First, the time-dependence can be
simplified thanks to the instantaneous nature of the Coulomb interaction

Σc(x1x1′ ; τ11′)

= −iv(x1x2;x3′x2′)

∫
d(t2t3t4t2′t3′t4′) δ(τ12)δ(τ13′)δ(τ22′)

×G(x3′x3; τ3′3)G(x4′x2; τ4′2)G(x2′x4; τ2′4)F (x3x4;x4′x1′ ; τ34′ , τ41′ , τ44′)

= −iv(x1x2;x3′x2′)

∫
d(t2t3t4t4′) δ(τ12)G(x3′x3; τ13)G(x4′x2; τ4′2)G(x2′x4; τ24)F (x3x4;x4′x1′ ; τ34′ , τ41′ , τ44′)

= −iv(x1x2;x3′x2′)

∫
d(t3t4t4′)G(x3′x3; τ13)G(x4′x2; τ4′1)G(x2′x4; τ14)F (x3x4;x4′x1′ ; τ34′ , τ41′ , τ44′).

(98)
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The self-energy is transformed to frequency space as

Σc(x1x1′ ;ω)

= −iv(x1x2;x3′x2′)

∫
dτ11′ e

iωτ11′

×
∫

d(t3t4t4′)G(x3′x3; τ13)G(x4′x2; τ4′1)G(x2′x4; τ14)F (x3x4;x4′x1′ ; τ34′ , τ41′ , τ44′)

=
−i

(2π)6
v(x1x2;x3′x2′)

∫
d(ω1ω2ω3ω4ω5ω6)

∫
d(τ11′t3t4t4′)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω3)F (x3x4;x4′x1′ ;ω4, ω5, ω6)e
iωτ11′ e−iω1τ13e−iω2τ4′1e−iω3τ14e−iω4τ34′ e−iω5τ41′ e−iω6τ44′

=
−i

(2π)6
v(x1x2;x3′x2′)

∫
d(ω1ω2ω3ω4ω5ω6)

∫
d(τ11′t3t4t4′)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω3)F (x3x4;x4′x1′ ;ω4, ω5, ω6)e
i(ω−ω1+ω2−ω3)τ11′ ei(ω1−ω4)τ31′ ei(ω3−ω5−ω6)τ41′ ei(ω4+ω6−ω2)τ4′1′

=
−i

(2π)5
v(x1x2;x3′x2′)

∫
d(ω1ω2ω3ω5ω6)

∫
d(τ11′t4t4′)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω3)F (x3x4;x4′x1′ ;ω1, ω5, ω6)e
i(ω−ω1+ω2−ω3)τ11′ ei(ω3−ω5−ω6)τ41′ ei(ω1+ω6−ω2)τ4′1′

=
−i

(2π)4
v(x1x2;x3′x2′)

∫
d(ω1ω2ω3ω5)

∫
d(τ11′t4)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω3)F (x3x4;x4′x1′ ;ω1, ω5, ω2 − ω1)e
i(ω−ω1+ω2−ω3)τ11′ ei(ω1−ω2+ω3−ω5)τ41′

=
−i

(2π)3
v(x1x2;x3′x2′)

∫
d(ω1ω2ω3)

∫
d(τ11′)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω3)F (x3x4;x4′x1′ ;ω1, ω1 − ω2 + ω3, ω2 − ω1)e
i(ω−ω1+ω2−ω3)τ11′

=
−i

(2π)2
v(x1x2;x3′x2′)

∫
d(ω1ω2)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω − ω1 + ω2)F (x3x4;x4′x1′ ;ω1, ω, ω2 − ω1).

(99)

This expression can be decomposed into the three components of the self-energy defined in the main text

Σ(2)(x1x1′ ;ω) = − 1

2(2π)2
v̄(x1x2;x3′x2′)v̄(x3x4;x4′x1′)

×
∫

d(ω1ω2)G(x3′x3;ω1)G(x4′x2;ω2)G(x2′x4;ω − ω1 + ω2),

(100a)

Σeh(x1x1′ ;ω) = − i

(2π)2
v̄(x1x2;x3′x2′)

∫
d(ω1ω2)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω − ω1 + ω2)Φ
eh(x3x4;x4′x1′ ;ω1, ω, ω2 − ω1),

(100b)

Σpp(x1x1′ ;ω) = − i

2(2π)2
v̄(x1x2;x3′x2′)

∫
d(ω1ω2)G(x3′x3;ω1)G(x4′x2;ω2)

×G(x2′x4;ω − ω1 + ω2)Φ
pp
P (x3x4;x4′x1′ ;ω,−ω2 + ω1 − ω, ω2 + ω).

(100c)

V. PROJECTION IN SPIN-ORBITAL BASIS

A. Link with common BSE kernels

The spin-orbital expressions for the reducible and irreducible vertices have already been reported in the main
manuscript. In addition, we provide a discussion on the relation between these expressions and the commonly used
BSE kernels.

The expression for the kernel of the eh-BSE given in the main text is

iΓeh
pqrs = 〈pq||rs〉 − iΦeh

pqsr + iΦpp
pqrs. (101)
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Hence, the eh eigenvalue problem is

Aeh
ia,jb = (εa − εi)δabδij + iΛajib − iΦeh

ajbi + iΦpp
ajib, (102a)

Beh
ia,bj = iΛabij − iΦeh

abji + iΦpp
abij , (102b)

while the effective interaction becomes

M eh
pq,n =

∑
ia

[
iΛpaqi − iΦeh

paiq + iΦpp
paqi

]
Xeh

ia,n

+
∑
ai

[
iΛpiqa − iΦeh

piaq + iΦpp
piqa

]
Y eh
ai,n.

(103)

If Φpp is set to zero, the kernel of the eigenvalue problem becomes

iΛajib − iΦeh
ajbi = 〈aj||ib〉+

∑
n

M eh
ab,nM

eh,∗
ij,n +M eh,∗

ba,nM
eh
ji,n

Ωeh
n − iη

, (104)

and the usual first-order static GW kernel of the eh-BSE is recovered.5 Alternatively, one can set Φeh = 0 to get

iΛajib + iΦpp
ajib = 〈aj||ib〉+

∑
m

[
−
M ee

aj,mM ee,∗
ib,m

Ωee
m − iη

+
Mhh,∗

aj,mMhh
ib,m

Ωhh
m + iη

]
. (105)

In this case, the kernel is found to be equal to the first-order static pp T -matrix kernel of the eh-BSE.6
As shown in the main text, in a spin-orbital basis set, the pp irreducible kernel is given by

iΓpp
pqrs = 〈pq||rs〉+ iΦeh

pqrs − iΦeh
pqsr, (106)

which leads to the following eigenvalue problem

Cpp
ab,cd = (εa + εb)δacδbd + iΛabcd + iΦeh

abcd − iΦeh
abdc, (107a)

Bpp
ab,ij = +iΛabij + iΦeh

abij − iΦeh
abji, (107b)

Dpp
ij,kl = −(εi + εj)δikδjl + iΛijkl + iΦeh

ijkl − iΦeh
ijlk, (107c)

and the effective interactions

M ee
pq,m =

∑
a<b

[
iΛpqab + iΦeh

pqab − iΦeh
pqba

]
Xee

ab,m +
∑
i<j

[
iΛpqij + iΦeh

pqij − iΦeh
pqji

]
Y ee
ij,m, (108a)

Mhh
pq,m =

∑
i<j

[
iΛpqij + iΦeh

pqij − iΦeh
pqji

]
Xhh

ij,m +
∑
a<b

[
iΛpqab + iΦeh

pqab − iΦeh
pqba

]
Y hh
ab,m. (108b)

Once again, a sanity check can be performed by comparing the kernel

iΛijkl + iΦeh
ijkl − iΦeh

ijlk = 〈ij||kl〉 −
∑
n

M eh
ki,nM

eh,∗
lj,n +M eh,∗

ik,nM
eh
jl,n

Ωeh
n − iη

+
∑
n

M eh
li,nM

eh,∗
kj,n +M eh,∗

il,n M eh
jk,n

Ωeh
n − iη

, (109)

with the static GW kernel of the pp-BSE reported in Ref. 4.

B. Self-energy

The matrix elements of the three components of the self-energy are

Σ(2)
pq (ω) = − 1

2(2π)2

∑
rst

〈pr||st〉 〈st||rq〉
∫

d(ω1ω2)Gss(ω1)Grr(ω2)Gtt(ω − ω1 + ω2), (110a)

Σeh
pq(ω) = − i

(2π)2

∑
rst

〈pr||st〉
∫

d(ω1ω2)Gss(ω1)Grr(ω2)Gtt(ω − ω1 + ω2)(Φ
eh)strq(ω2 − ω1), (110b)

Σpp
pq (ω) = − i

2(2π)2

∑
rst

〈pr||st〉
∫

d(ω1ω2)Gss(ω1)Grr(ω2)Gtt(ω − ω1 + ω2)(Φ
pp
P )strq(ω2 + ω) (110c)
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Upon change of variables

Σ(2)
pq (ω) = − 1

2(2π)2

∑
rst

〈pr||st〉 〈st||rq〉
∫

d(ω1ω2′)Gss(ω1)Grr(ω2′ + ω1)Gtt(ω + ω2′), (111a)

Σeh
pq(ω) = − i

(2π)2

∑
rst

〈pr||st〉
∫

d(ω1ω2′)Gss(ω1)Grr(ω2′ + ω1)Gtt(ω + ω2′)(Φ
eh)strq(ω2′), (111b)

Σpp
pq (ω) = − i

2(2π)2

∑
rst

〈pr||st〉
∫

d(ω1ω2′)Gss(ω1)Grr(ω2′ − ω)Gtt(ω2′ − ω1)(Φ
pp
P )strq(ω2′), (111c)

they can be rearranged into

Σ(2)
pq (ω) = − 1

2(2π)

∑
rst

〈pr||st〉 〈st||rq〉
∫

dω2′ (L0)rssr(ω2′)Gtt(ω + ω2′), (112a)

Σeh
pq(ω) = − i

(2π)

∑
rst

〈pr||st〉
∫

dω2′ (L0)rssr(ω2′)Gtt(ω + ω2′)(Φ
eh)strq(ω2′), (112b)

Σpp
pq (ω) = − i

2(2π)

∑
rst

〈pr||st〉
∫

dω2′ (K
I
0,P)tsts(ω2′)Grr(ω2′ − ω)(Φpp

P )strq(ω2′). (112c)

1. eh self-energy

The eh part is derived as

Σeh
pq(ω) = − i

(2π)
〈pr||st〉

∫
dω2′ (L0)rssr(ω2′)Gtt(ω + ω2′)(Φ

eh)strq(ω2′) (113)

= − i

(2π)
〈pr||st〉

∫
dω2′

[
i
∑
ia

δraδsi
ω2′ − (εa − εi − 2iη)

− i
∑
ia

δriδsa
ω2′ − (εi − εa + 2iη)

]

×

[∑
j

δtj
ω + ω2′ − (εj + iη)

+
∑
b

δtb
ω + ω2′ − (εb − iη)

][
−i
∑
n

M eh
sr,nM

eh,∗
qt,n

ω2′ − (Ωeh
n − iη)

+ i
∑
n

M eh,∗
rs,nM

eh
tq,n

ω2′ − (−Ωeh
n + iη)

]

= − i

(2π)
〈pr||st〉

∫
dω2′

[∑
ia

δraδsi
ω2′ − (εa − εi − 2iη)

−
∑
ia

δriδsa
ω2′ − (εi − εa + 2iη)

]

×

[∑
j

δtj
ω2′ − (εj − ω + iη)

+
∑
b

δtb
ω2′ − (εb − ω − iη)

][∑
n

M eh
sr,nM

eh,∗
qt,n

ω2′ − (Ωeh
n − iη)

−
∑
n

M eh,∗
rs,nM

eh
tq,n

ω2′ − (−Ωeh
n + iη)

]

= − i

(2π)
〈pr||st〉

∫
dω2′

[
−
∑
iabn

δriδsa
ω2′ − (εi − εa + 2iη)

δtb
ω2′ − (εb − ω − iη)

M eh
sr,nM

eh,∗
qt,n

ω2′ − (Ωeh
n − iη)

+
∑
ijan

δraδsi
ω2′ − (εa − εi − 2iη)

δtj
ω2′ − (εj − ω + iη)

M eh
sr,nM

eh,∗
qt,n

ω2′ − (Ωeh
n − iη)

−
∑
iabn

δraδsi
ω2′ − (εa − εi − 2iη)

δtb
ω2′ − (εb − ω − iη)

M eh,∗
rs,nM

eh
tq,n

ω2′ − (−Ωeh
n + iη)

−
∑
ijan

δraδsi
ω2′ − (εa − εi − 2iη)

δtj
ω2′ − (εj − ω + iη)

M eh,∗
rs,nM

eh
tq,n

ω2′ − (−Ωeh
n + iη)

+
∑
iabn

δriδsa
ω2′ − (εi − εa + 2iη)

δtb
ω2′ − (εb − ω − iη)

M eh,∗
rs,nM

eh
tq,n

ω2′ − (−Ωeh
n + iη)

−
∑
ijan

δriδsa
ω2′ − (εi − εa + 2iη)

δtj
ω2′ − (εj − ω + iη)

M eh
sr,nM

eh,∗
qt,n

ω2′ − (Ωeh
n − iη)

]
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= −
∑
iabn

〈pr||st〉 δriδsaδtb
(εi − εa + 2iη)− (εb − ω − iη)

M eh
sr,nM

eh,∗
qt,n

(εi − εa + 2iη)− (Ωeh
n − iη)

+
∑
ijan

〈pr||st〉 δraδsiδtj
(εj − ω + iη)− (εa − εi − 2iη)

M eh
sr,nM

eh,∗
qt,n

(εj − ω + iη)− (Ωeh
n − iη)

−
∑
iabn

〈pr||st〉 δraδsiδtb
(−Ωeh

n + iη)− (εa − εi − 2iη)

M eh,∗
rs,nM

eh
tq,n

(−Ωeh
n + iη)− (εb − ω − iη)

+
∑
ijan

〈pr||st〉 δraδsiδtj
(εa − εi − 2iη)− (εj − ω + iη)

M eh,∗
rs,nM

eh
tq,n

(εa − εi − 2iη)− (−Ωeh
n + iη)

−
∑
iabn

〈pr||st〉 δriδsaδtb
(εb − ω − iη)− (εi − εa + 2iη)

M eh,∗
rs,nM

eh
tq,n

(εb − ω − iη)− (−Ωeh
n + iη)

+
∑
ijan

〈pr||st〉 δriδsaδtj
(Ωeh

n − iη)− (εi − εa + 2iη)

M eh
sr,nM

eh,∗
qt,n

(Ωeh
n − iη)− (εj − ω + iη)

= −
∑
iabn

〈pr||sb〉 δriδsa
ω − (εa + εb − εi − 3iη)

M eh
sr,nM

eh,∗
qb,n

εi − εa − Ωeh
n + 3iη

+
∑
ijan

〈pr||sj〉 δraδsi
(εi + εj − εa + 3iη)− ω

M eh
sr,nM

eh,∗
qj,n

(εj − Ωeh
n + 2iη)− ω

−
∑
iabn

〈pr||sb〉 δraδsi
−Ωeh

n − εa + εi + 3iη

M eh,∗
rs,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

+
∑
ijan

〈pr||sj〉 δraδsi
ω − (εi + εj − εa + 3iη)

M eh,∗
rs,nM

eh
jq,n

εa − εi +Ωeh
n − 3iη

−
∑
iabn

〈pr||sb〉 δriδsa
(εa + εb − εi − 3iη)− ω

M eh,∗
rs,nM

eh
bq,n

(εb +Ωeh
n − 2iη)− ω

+
∑
ijan

〈pr||sj〉 δriδsa
Ωeh

n − εi + εa − 3iη

M eh
sr,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)

=
∑
iabn

〈pi||ab〉
ω − (εa + εb − εi − 3iη)

M eh
ai,nM

eh,∗
qb,n

εa − εi +Ωeh
n − 3iη

+
∑
ijan

〈pa||ij〉
ω − (εi + εj − εa + 3iη)

M eh
ia,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)

+
∑
iabn

〈pa||ib〉
εa − εi +Ωeh

n − 3iη

M eh,∗
ai,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

+
∑
ijan

〈pa||ij〉
ω − (εi + εj − εa + 3iη)

M eh,∗
ai,nM

eh
jq,n

εa − εi +Ωeh
n − 3iη

−
∑
iabn

〈pi||ab〉
ω − (εa + εb − εi − 3iη)

M eh,∗
ia,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

+
∑
ijan

〈pi||aj〉
εa − εi +Ωeh

n − 3iη

M eh
ai,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)
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This finally yields

Σeh
pq(ω) =

+
∑
ijan

〈pa||ij〉
εa − εi − Ωeh

n − iη

M eh
ia,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)

−
∑
ijan

〈pa||ij〉
εa − εi − Ωeh

n − iη

M eh
ia,nM

eh,∗
qj,n

ω − (εi + εj − εa + 3iη)

+
∑
ijan

〈pa||ij〉
εa − εi +Ωeh

n − 3iη

M eh,∗
ai,nM

eh
jq,n

ω − (εi + εj − εa + 3iη)
+
∑
ijan

〈pi||aj〉
εa − εi +Ωeh

n − 3iη

M eh
ai,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)

+
∑
iabn

〈pi||ab〉
εa − εi − Ωeh

n − iη

M eh,∗
ia,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

−
∑
iabn

〈pi||ab〉
εa − εi − Ωeh

n − iη

M eh,∗
ia,nM

eh
bq,n

ω − (εa + εb − εi − 3iη)

+
∑
iabn

〈pi||ab〉
εa − εi +Ωeh

n − 3iη

M eh
ai,nM

eh,∗
qb,n

ω − (εa + εb − εi − 3iη)
+
∑
iabn

〈pa||ib〉
εa − εi +Ωeh

n − 3iη

M eh,∗
ai,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

,

(114)

This expression can rewritten in terms of intermediate quantities as

Σeh
pq(ω) =

+
∑
jn

(∑
ia

〈pa||ij〉M eh
ia,n

εa − εi − Ωeh
n − iη

)
M eh,∗

qj,n

ω − (εj − Ωeh
n + 2iη)

−
∑
ija

(∑
n

M eh
ia,nM

eh,∗
qj,n

εa − εi − Ωeh
n − iη

)
〈pa||ij〉

ω − (εi + εj − εa + 3iη)

+
∑
ija

(∑
n

M eh,∗
ai,nM

eh
jq,n

εa − εi +Ωeh
n − 3iη

)
〈pa||ij〉

ω − (εi + εj − εa + 3iη)
+
∑
jn

(∑
ia

〈pi||aj〉M eh
ai,n

εa − εi +Ωeh
n − 3iη

)
M eh,∗

qj,n

ω − (εj − Ωeh
n + 2iη)

+
∑
bn

(∑
ia

〈pi||ab〉M eh,∗
ia,n

εa − εi − Ωeh
n − iη

)
M eh

bq,n

ω − (εb +Ωeh
n − 2iη)

−
∑
iab

(∑
n

M eh,∗
ia,nM

eh
bq,n

εa − εi − Ωeh
n − iη

)
〈pi||ab〉

ω − (εa + εb − εi − 3iη)

+
∑
iab

(∑
n

M eh
ai,nM

eh,∗
qb,n

εa − εi +Ωeh
n − 3iη

)
〈pi||ab〉

ω − (εa + εb − εi − 3iη)
+
∑
bn

(∑
ia

〈pa||ib〉M eh,∗
ai,n

εa − εi +Ωeh
n − 3iη

)
M eh

bq,n

ω − (εb +Ωeh
n − 2iη)

,

(115)

or, more compactly,

Σeh
pq(ω) = +

∑
jn

M̃ eh
pj,nM

eh,∗
qj,n

ω − (εj − Ωeh
n + 2iη)

+
∑
ija

M̃ eh
qj,ia 〈pa||ij〉

ω − (εi + εj − εa + 3iη)

+
∑
bn

M̃ eh
pb,nM

eh
bq,n

ω − (εb +Ωeh
n − 2iη)

+
∑
iab

M̃ eh
qb,ia 〈pi||ab〉

ω − (εa + εb − εi − 3iη)

(116)

with

M̃ eh
pj,n =

∑
ia

〈pa||ij〉M eh
ia,n

εa − εi − Ωeh
n − iη

+
∑
ia

〈pi||aj〉M eh
ai,n

εa − εi +Ωeh
n − 3iη

(117a)

M̃ eh
qj,ia =

∑
n

M eh,∗
ai,nM

eh
jq,n

εa − εi +Ωeh
n − 3iη

−
∑
n

M eh
ia,nM

eh,∗
qj,n

εa − εi − Ωeh
n − iη

(117b)

M̃ eh
pb,n =

∑
ia

〈pi||ab〉M eh,∗
ia,n

εa − εi − Ωeh
n − iη

+
∑
ia

〈pa||ib〉M eh,∗
ai,n

εa − εi +Ωeh
n − 3iη

(117c)

M̃ eh
qb,ia =

∑
n

M eh
ai,nM

eh,∗
qb,n

εa − εi +Ωeh
n − 3iη

−
∑
n

M eh,∗
ia,nM

eh
bq,n

εa − εi − Ωeh
n − iη

(117d)

Each intermediate tensor is computed in O(K6) operations, while, given the intermediate, the construction of the
self-energy matrix costs O(K5).
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2. pp self-energy

The pp part is derived as

Σpp
pq (ω) = − i

2(2π)
〈pr||st〉

∫
dω2′ Grr(ω2′ − ω)(KI

0,P)tsts(ω2′)(Φ
pp
P )strq(ω2′) (118)

= − i

2(2π)
〈pr||st〉

∫
dω′

2

[∑
i

δri
ω2′ − ω − (εi + iη)

+
∑
a

δra
ω2′ − ω − (εa − iη)

]
[
i
∑
jk

δtjδsk
ω2′ − (εj + εi + 2iη)

− i
∑
bc

δtbδsc
ω2′ − (εb + εc − 2iη)

][
−i
∑
m

M ee
st,mM ee,∗

rq,m

ω2′ − (Ωee
m − iη)

+ i
∑
m

Mhh,∗
st,mMhh

rq,m

ω2′ − (Ωhh
m + iη)

]

= − i

2(2π)
〈pr||st〉

∫
dω2′

[∑
i

δri
ω2′ − (ω + εi + iη)

+
∑
a

δra
ω2′ − (ω + εa − iη)

]
[∑

jk

δtjδsk
ω2′ − (εj + εi + 2iη)

−
∑
bc

δtbδsc
ω2′ − (εb + εc − 2iη)

][∑
m

M ee
st,mM ee,∗

rq,m

ω2′ − (Ωee
m − iη)

−
∑
m

Mhh,∗
st,mMhh

rq,m

ω2′ − (Ωhh
m + iη)

]

= − i

2(2π)
〈pr||st〉

∫
dω2′ [

−
∑
ibcm

δri
ω2′ − (ω + εi + iη)

δtbδsc
ω2′ − (εb + εc − 2iη)

M ee
st,mM ee,∗

rq,m

ω2′ − (Ωee
m − iη)

+
∑
ajkm

δra
ω2′ − (ω + εa − iη)

δtjδsk
ω2′ − (εj + εk + 2iη)

M ee
st,mM ee,∗

rq,m

ω2′ − (Ωee
m − iη)

+
∑
abcm

δra
ω2′ − (ω + εa − iη)

δtbδsc
ω2′ − (εb + εc − 2iη)

Mhh,∗
st,mMhh

rq,m

ω2′ − (Ωhh
m + iη)

−
∑
ajkm

δra
ω2′ − (ω + εa − iη)

δtjδsk
ω2′ − (εj + εk + 2iη)

Mhh,∗
st,mMhh

rq,m

ω2′ − (Ωhh
m + iη)

+
∑
ibcm

δri
ω2′ − (ω + εi + iη)

δtbδsc
ω2′ − (εb + εc − 2iη)

Mhh,∗
st,mMhh

rq,m

ω2′ − (Ωhh
m + iη)

+
∑
ijkm

δri
ω2′ − (ω + εi + iη)

δtjδsk
ω2′ − (εj + εk + 2iη)

M ee
st,mM ee,∗

rq,m

ω2′ − (Ωee
m − iη)

]

=
1

2

[
−
∑
ibcm

〈pi||cb〉
(ω + εi + iη)− (εb + εc − 2iη)

M ee
cb,mM ee,∗

iq,m

(ω + εi + iη)− (Ωee
m − iη)

+
∑
ajkm

〈pa||kj〉
(εj + εk + 2iη)− (ω + εa − iη)

M ee
kj,mM ee,∗

aq,m

(εj + εk + 2iη)− (Ωee
m − iη)

+
∑
abcm

〈pa||cb〉
(Ωhh

m + iη)− (ω + εa − iη)

Mhh,∗
cb,mMhh

aq,m

(Ωhh
m + iη)− (εb + εc − 2iη)

+
∑
ajkm

〈pa||kj〉
(ω + εa − iη)− (εj + εk + 2iη)

Mhh,∗
kj,mMhh

aq,m

(ω + εa − iη)− (Ωhh
m + iη)

−
∑
ibcm

〈pi||cb〉
(εb + εc − 2iη)− (ω + εi + iη)

Mhh,∗
cb,mMhh

iq,m

(εb + εc − 2iη)− (Ωhh
m + iη)

−
∑
ijkm

〈pi||kj〉
(Ωee

m − iη)− (ω + εi + iη)

M ee
kj,mM ee,∗

iq,m

(Ωee
m − iη)− (εj + εk + 2iη)

]
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=
1

2

[
−
∑
ibcm

〈pi||cb〉
ω − (εb + εc − εi − 3iη)

M ee
cb,mM ee,∗

iq,m

ω − (Ωee
m − εi − 2iη)

−
∑
ajkm

〈pa||kj〉
ω − (εj + εk − εa + 3iη)

M ee
kj,mM ee,∗

aq,m

εj + εk − Ωee
m + 3iη

−
∑
abcm

〈pa||cb〉
ω − (Ωhh

m − εa + 2iη)

Mhh,∗
cb,mMhh

aq,m

Ωhh
m − εb − εc + 3iη

+
∑
ajkm

〈pa||kj〉
ω − (εj + εk − εa + 3iη)

Mhh,∗
kj,mMhh

aq,m

ω − (Ωhh
m − εa + 2iη)

+
∑
ibcm

〈pi||cb〉
ω − (εb + εc − εi − 3iη)

Mhh,∗
cb,mMhh

iq,m

εb + εc − Ωhh
m − 3iη

+
∑
ijkm

〈pi||kj〉
ω − (Ωee

m − εi − iη)

M ee
kj,mM ee,∗

iq,m

Ωee
m − εj − εk − 3iη

]
(119)

This finally yields

Σpp
pq (ω) =

+
1

2

∑
ijam

〈pa||ij〉
Ωhh

m − εi − εj − iη

Mhh,∗
ij,mMhh

aq,m

ω − (Ωhh
m − εa + 2iη)

− 1

2

∑
ijam

〈pa||ij〉
Ωhh

m − εi − εj − iη

Mhh,∗
ij,mMhh

aq,m

ω − (εi + εj − εa + 3iη)

+
1

2

∑
ijam

〈pa||ij〉
Ωee

m − εi − εj − 3iη

M ee
ij,mM ee,∗

aq,m

ω − (εi + εj − εa + 3iη)
+

1

2

∑
abcm

〈pa||bc〉
εb + εc − Ωhh

m − 3iη

Mhh,∗
bc,mMhh

aq,m

ω − (Ωhh
m − εa + 2iη)

+
1

2

∑
iabm

〈pi||ab〉
εa + εb − Ωee

m − iη

M ee
ab,mM ee,∗

iq,m

ω − (Ωee
m − εi − 2iη)

− 1

2

∑
iabm

〈pi||ab〉
εa + εb − Ωee

m − iη

M ee
ab,mM ee,∗

iq,m

ω − (εa + εb − εi − 3iη)

+
1

2

∑
iabm

〈pi||ab〉
εa + εb − Ωhh

m − 3iη

Mhh,∗
ab,mMhh

iq,m

ω − (εa + εb − εi − 3iη)
+

1

2

∑
ijkm

〈pi||jk〉
Ωee

m − εj − εk − 3iη

M ee
jk,mM ee,∗

iq,m

ω − (Ωee
m − εi − 2iη)

,

(120)

This expression can rewritten in terms of intermediate quantities as

Σpp
pq (ω) =

+
1

2

∑
am

∑
ij

〈pa||ij〉Mhh,∗
ij,m

Ωhh
m − εi − εj − iη

 Mhh
aq,m

ω − (Ωhh
m − εa + 2iη)

− 1

2

∑
ija

(∑
m

Mhh,∗
ij,mMhh

aq,m

Ωhh
m − εi − εj − iη

)
〈pa||ij〉

ω − (εi + εj − εa + 3iη)

+
1

2

∑
ija

(∑
m

M ee
ij,mM ee,∗

aq,m

Ωee
m − εi − εj − 3iη

)
〈pa||ij〉

ω − (εi + εj − εa + 3iη)
+

1

2

∑
am

(∑
bc

〈pa||bc〉Mhh,∗
bc,m

εb + εc − Ωhh
m − 3iη

)
Mhh

aq,m

ω − (Ωhh
m − εa + 2iη)

+
1

2

∑
im

(∑
ab

〈pi||ab〉M ee
ab,m

εa + εb − Ωee
m − iη

)
M ee,∗

iq,m

ω − (Ωee
m − εi − 2iη)

− 1

2

∑
iab

(∑
m

M ee
ab,mM ee,∗

iq,m

εa + εb − Ωee
m − iη

)
〈pi||ab〉

ω − (εa + εb − εi − 3iη)

+
1

2

∑
iab

(∑
m

Mhh,∗
ab,mMhh

iq,m

εa + εb − Ωhh
m − 3iη

)
〈pi||ab〉

ω − (εa + εb − εi − 3iη)
+

1

2

∑
im

∑
jk

〈pi||jk〉M ee
jk,m

Ωee
m − εj − εk − 3iη

 M ee,∗
iq,m

ω − (Ωee
m − εi − 2iη)

,

(121)
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or, more compactly,

Σpp
pq (ω) = +

1

2

∑
am

M̃hh
pa,mMhh

aq,m

ω − (Ωhh
m − εa + 2iη)

+
1

2

∑
ija

M̃hh
qa,ij 〈pa||ij〉

ω − (εi + εj − εa + 3iη)

+
1

2

∑
im

M̃ ee
pi,mM ee,∗

iq,m

ω − (Ωee
m − εi − 2iη)

+
1

2

∑
iab

M̃ ee
qi,ab 〈pi||ab〉

ω − (εa + εb − εi − 3iη)

(122)

with

M̃hh
pa,m =

∑
ij

〈pa||ij〉Mhh,∗
ij,m

Ωhh
m − εi − εj − iη

+
∑
bc

〈pa||bc〉Mhh,∗
bc,m

εb + εc − Ωhh
m − 3iη

(123a)

M̃hh
qa,ij =

∑
m

M ee
ij,mM ee,∗

aq,m

Ωee
m − εi − εj − 3iη

−
∑
m

Mhh,∗
ij,mMhh

aq,m

Ωhh
m − εi − εj − iη

(123b)

M̃ ee
pi,m =

∑
ab

〈pi||ab〉M ee
ab,m

εa + εb − Ωee
m − iη

+
∑
jk

〈pi||jk〉M ee
jk,m

Ωee
m − εj − εk − 3iη

(123c)

M̃ ee
qi,ab =

∑
m

Mhh,∗
ab,mMhh

iq,m

εa + εb − Ωhh
m − 3iη

−
∑
m

M ee
ab,mM ee,∗

iq,m

εa + εb − Ωee
m − iη

(123d)

Regarding the computational cost of constructing the pp self-energy, the same conclusions apply as for the eh
contribution (see above).

3. Static self-energy

The static Hermitian self-energy used in the qsPA scheme is defined as

ΣqsPA
pq = Σ(2)

pq +
Σeh

pq +Σeh
qp

2
+

Σpp
pq +Σpp

qp

2
. (124)

The second-order component reads

Σ(2)
pq =

1

2

∑
ija

〈pa||ji〉 〈ji||qa〉 ∆paij +∆qaij

∆2
paij +∆2

qaij

[
1− e−s1b(∆

2
paij+∆2

qaij)
]

+
1

2

∑
iab

〈pi||ba〉 〈ba||qi〉 ∆piab +∆qiab

∆2
piab +∆2

qiab

[
1− e−s1b(∆

2
piab+∆2

qiab)
]
,

(125)

where ∆pqrs = εp + εq − εr − εs. The static eh component is

Σeh
pq =+

∑
jn

M̃ eh
pj,nM

eh,∗
qj,n

∆pjn +∆qjn

∆2
pjn +∆2

qjn

[
1− e−s1b(∆

2
pjn+∆2

qjn)
]

+
∑
ija

M̃ eh
qj,ia 〈pa||ij〉

∆paij +∆qaij

∆2
paij +∆2

qaij

[
1− e−s1b(∆

2
paij+∆2

qaij)
]

+
∑
bn

M̃ eh
pb,nM

eh
bq,n

∆pbn +∆qbn

∆2
pbn +∆2

qbn

[
1− e−s1b(∆

2
pbn+∆2

qbn)
]

+
∑
iab

M̃ eh
qb,ia 〈pi||ab〉

∆piab +∆qiab

∆2
piab +∆2

qiab

[
1− e−s1b(∆

2
piab+∆2

qiab)
]
,

(126)

where ∆pjn = εp − εj +Ωeh
n and ∆pbn = εp − εb −Ωeh

n . The η regularization in the intermediates is also replaced by an
energy-dependent regularization. For example, the first term in Eq. (117) becomes

∑
ia

〈pa||ij〉M eh
ia,n

εa − εi − Ωeh
n

[
1− e−2s1b(εa−εi−Ωeh

n )2
]
. (127)
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Finally, the static pp component is given by

Σpp
pq =+

1

2

∑
am

M̃hh
pa,mMhh

aq,m

∆pam +∆qam

∆2
pam +∆2

qam

[
1− e−s1b(∆

2
pam+∆2

qam)
]

+
1

2

∑
ija

M̃hh
qa,ij 〈pa||ij〉

∆paij +∆qaij

∆2
paij +∆2

qaij

[
1− e−s1b(∆

2
paij+∆2

qaij)
]

+
1

2

∑
im

M̃ ee
pi,mM ee,∗

iq,m

∆pim +∆qim

∆2
pim +∆2

qim

[
1− e−s1b(∆

2
pim+∆2

qim)
]

+
1

2

∑
iab

M̃ ee
qi,ab 〈pi||ab〉

∆piab +∆qiab

∆2
piab +∆2

qiab

[
1− e−s1b(∆

2
piab+∆2

qiab)
]
,

(128)

where ∆pam = εp − εa − Ωhh
m and ∆pim = εp − εi − Ωee

m. Once again, the η regularization in the intermediates is
replaced by an energy-dependent regularization.

VI. SPIN-ADAPTED PARQUET THEORY

This section presents a spin-adapted version of the equations necessary to implement the parquet approximation in
a spatial orbital basis.

A. Bethe-Salpeter equations

The eh-BSE for L and the pp-BSE for K have already been spin-adapted in Secs. II and III, respectively. Hence,
the spin-adaptation of the two BSEs for the full two-body vertex can be easily deduced.

1. Particle-particle vertices

For a pp vertex, the two incoming particles are labeled with indices 3 and 4, while the outgoing particles are labeled
1 and 2. Hence, Γpp(1↑2↑; 3↑4↑) corresponds to the scattering of a Sz = 1 triplet pair of electrons and is already
spin-adapted. The Sz = 0 pairs of electrons, with spin ↑↓ or ↓↑, are not eigenfunctions of the spin operator Ŝ2. As a
consequence, in this basis, Γpp(1↑2↓; 3↑4↓) and Γpp(1↑2↓; 3↓4↑) are coupled. These two vertices can be spin-adapted by
introducing the singlet and triplet vertices

Γs(rt1rt2; rt3rt4) = Γpp(1↑2↓; 3↑4↓)− Γpp(1↑2↓; 3↓4↑), (129a)
Γt(rt1rt2; rt3rt4) = Γpp(1↑2↓; 3↑4↓) + Γpp(1↑2↓; 3↓4↑), (129b)

which correspond to scattering of Sz = 0 pairs of electrons with total spin S = 0 for the singlet and S = 1 for the
triplet. In terms of these spin-adapted vertices, the pp-BSE becomes

F s(rt1rt2; rt3rt4) = Γs(rt1rt2; rt3rt4)−
1

2
Γs(rt1rt2; rt1′rt2′)G(rt1′rt3′)G(rt2′rt4′)F

s(rt3′rt4′ ; rt3rt4), (130a)

F t(rt1rt2; rt3rt4) = Γt(rt1rt2; rt3rt4)−
1

2
Γt(rt1rt2; rt1′rt2′)G(rt1′rt3′)G(rt2′rt4′)F

t(rt3′rt4′ ; rt3rt4). (130b)

These two spin-adapted vertices are referred to as the singlet Γs and triplet Γt vertices, respectively.
Once the Dyson equations above are expanded, this leads to the following expressions for the spin-adapted reducible

vertices

Φs(rt1rt2; rt3rt4) = −1

2
Γs(rt1rt2; rt1′rt2′)K

s(rt1′rt2′ ; rt3′rt4′)Γ
s(rt3′rt4′ ; rt3rt4), (131a)

Φt(rt1rt2; rt3rt4) = −1

2
Γt(rt1rt2; rt1′rt2′)K

t(rt1′rt2′ ; rt3′rt4′)Γ
t(rt3′rt4′ ; rt3rt4). (131b)
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These expressions have the same time-dependence as their non-spin-adapted version, and their Fourier transform is
easily deduced

Φs
P(r1r2; r3r4;ω) = −1

2
Γs

P(r1r2; r1′r2′ ;ω = 0)Ks
P(r1′r2′ ; r3′r4′ ;ω)Γ

s
P(r3′r4′ ; r3r4;ω = 0), (132a)

Φt
P(r1r2; r3r4;ω) = −1

2
Γt

P(r1r2; r1′r2′ ;ω = 0)Kt
P(r1′r2′ ; r3′r4′ ;ω)Γ

t
P(r3′r4′ ; r3r4;ω = 0). (132b)

Here, the singlet and triplet irreducible vertices have been assumed to be static by analogy with the static kernel
approximation discussed in the main text. Finally, once projected in the spatial orbital basis set, they are given by

(Φs
P)pqrs(ω) =

∑
t6u
v6w

(iΓs
P)pqtu(K

s
P)tuvw(ω)(iΓ

s
P)vwrs, (133a)

(Φt
P)pqrs(ω) =

∑
t<u
v<w

(iΓt
P)pqtu(K

t
P)tuvw(ω)(iΓ

t
P)vwrs. (133b)

2. Electron-hole vertices

For an eh vertex, the incoming electron and hole have indices 2 and 4, respectively. The corresponding outgoing
particles have indices 3 and 1. The eh pair with spin Sz = −1 is ↓↑ and the corresponding vertex Γeh

↑↓↓↑ is already
spin-adapted and decoupled from other vertices. On the other hand, the two remaining spin components F↑↑↑↑ and
F↑↓↑↓ are coupled. They correspond to the scattering of a Sz = 0 eh pair and can be spin-adapted through

Γeh
d (rt1rt2; rt3rt4) = Γeh(1↑2↑; 3↑4↑) + Γeh(1↑2↓; 3↑4↓), (134a)

Γeh
m (rt1rt2; rt3rt4) = Γeh(1↑2↑; 3↑4↑)− Γeh(1↑2↓; 3↑4↓), (134b)

leading to two decoupled BSE

F d(rt1rt2; rt3rt4) = Γd(rt1rt2; rt3rt4)

+ Γd(rt1rt3′ ; rt3rt1′)G(rt1′rt4′)G(rt2′rt3′)F
d(rt4′rt2; rt2′rt4),

(135a)

Fm(rt1rt2; rt3rt4) = Γm(rt1rt2; rt3rt4)

+ Γm(rt1rt3′ ; rt3rt1′)G(rt1′rt4′)G(rt2′rt3′)F
m(rt4′rt2; rt2′rt4).

(135b)

These two spin-adapted vertices are referred to as the density Γd and magnetic Γm vertices, respectively.
Once the Dyson equations above are expanded, this leads to the following expressions of the spin-adapted reducible

vertices

Φd(rt1rt2; rt3rt4) = Γd(rt1rt3′ ; rt3rt1′)L
d(rt1′rt2′ ; rt3′rt4′)Γ

d(rt4′rt2; rt2′rt4), (136a)
Φm(rt1rt2; rt3rt4) = Γm(rt1rt3′ ; rt3rt1′)L

m(rt1′rt2′ ; rt3′rt4′)Γ
m(rt4′rt2; rt2′rt4). (136b)

These expressions have the same time-dependence as their non-spin-adapted version, and their Fourier transform is
easily deduced

Φd(x1x2;x3x4;ω) = Γd(x1x3′ ;x3x1′ ;ω = 0)Ld(x1′x2′ ;x3′x4′ ;ω)Γ
d(x4′x2;x2′x4;ω = 0), (137a)

Φm(x1x2;x3x4;ω) = Γm(x1x3′ ;x3x1′ ;ω = 0)Lm(x1′x2′ ;x3′x4′ ;ω)Γ
m(x4′x2;x2′x4;ω = 0). (137b)

Here, the density and magnetic irreducible vertices have been assumed to be static by analogy with the static kernel
approximation discussed in the main text. Finally, once projected in the spatial orbital basis set, they are given by

(Φd)pqrs(ω) = −
∑
tuvw

(iΓd
pvrt)(L

d)tuvw(ω)(iΓ
d
wqus), (138a)

(Φm)pqrs(ω) = −
∑
tuvw

(iΓm
pvrt)(L

m)tuvw(ω)(iΓ
m
wqus). (138b)



25

B. Irreducible vertices

The aim of this section is to express the spin-adapted irreducible vertices Γd,Γm,Γs and Γt in terms of the reducible
ones.

1. Density channel

The density irreducible vertex is spin-adapted as

Γd(rt1rt2; rt3rt4)− Λd(rt1rt2; rt3rt4)

= Φeh(1↑2↑; 3↑4↑) + Φeh(1↑2↓; 3↑4↓) + Φpp(1↑2↑; 3↑4↑) + Φpp(1↑2↓; 3↑4↓)

= −Φeh(1↑2↑; 4↑3↑)− Φeh(1↑2↓; 4↓3↑) + Φpp(1↑2↑; 3↑4↑) + Φpp(1↑2↓; 3↑4↓) (139)
= −Φeh(1↑2↑; 4↑3↑)− Φm(rt1rt2; rt4rt3) + Φt(rt1rt2; rt3rt4) + Φpp(1↑2↓; 3↑4↓)

= −1

2
Φd(rt1rt2; rt4rt3)−

3

2
Φm(rt1rt2; rt4rt3) +

3

2
Φt(rt1rt2; rt3rt4) +

1

2
Φs(rt1rt2; rt3rt4),

and its static limit in a spatial-orbital basis set reads

Γd
pqrs = 2 〈pq|rs〉 − 〈pq|sr〉 − 1

2
Φd

pqsr −
3

2
Φm

pqsr +
1

2
Φs

pqrs +
3

2
Φt

pqrs. (140)

2. Magnetic channel

The magnetic irreducible vertex is spin-adapted as

Γm(rt1rt2; rt3rt4)− Λm(rt1rt2; rt3rt4)

= Φeh(1↑2↑; 3↑4↑)− Φeh(1↑2↓; 3↑4↓) + Φpp(1↑2↑; 3↑4↑)− Φpp(1↑2↓; 3↑4↓)

= −Φeh(1↑2↑; 4↑3↑) + Φeh(1↑2↓; 4↓3↑) + Φpp(1↑2↑; 3↑4↑)− Φpp(1↑2↓; 3↑4↓) (141)
= −Φeh(1↑2↑; 4↑3↑) + Φm(rt1rt2; rt4rt3) + Φt(rt1rt2; rt3rt4)− Φpp(1↑2↓; 3↑4↓)

= −1

2
Φd(rt1rt2; rt4rt3) +

1

2
Φm(rt1rt2; rt4rt3) +

1

2
Φt(rt1rt2; rt3rt4)−

1

2
Φs(rt1rt2; rt3rt4),

and its static limit in a spatial-orbital basis set reads

Γm
pqrs = −〈pq|sr〉 − 1

2
Φd

pqsr +
1

2
Φm

pqsr −
1

2
Φs

pqrs +
1

2
Φt

pqrs. (142)

3. Singlet channel

The singlet irreducible vertex is spin-adapted as

Γs(rt1rt2; rt3rt4)− Λs(rt1rt2; rt3rt4)

= Φeh(1↑2↓; 3↑4↓)− Φeh(1↑2↓; 3↓4↑) + Φeh(1↑2↓; 3↑4↓)− Φeh(1↑2↓; 3↓4↑)

= Φeh(1↑2↓; 3↑4↓)− Φeh(1↑2↓; 3↓4↑)− Φeh(1↑2↓; 4↓3↑) + Φeh(1↑2↓; 4↑3↓) (143)
= Φeh(1↑2↓; 3↑4↓)− Φm(rt1rt2; rt3rt4)− Φm(rt1rt2; rt4rt3) + Φeh(1↑2↓; 4↑3↓)

=
1

2
Φd(rt1rt2; rt3rt4)−

3

2
Φm(rt1rt2; rt3rt4)−

3

2
Φm(rt1rt2; rt4rt3) +

1

2
Φd(rt1rt2; rt4rt3),

and its static limit in a spatial-orbital basis set reads

Γm
pqrs = 〈pq|rs〉+ 〈pq|sr〉+ 1

2
Φd

pqrs −
3

2
Φm

pqrs +
1

2
Φd

pqsr −
3

2
Φm

pqsr. (144)
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4. Triplet channel

The triplet irreducible vertex is spin-adapted as

Γt(rt1rt2; rt3rt4)− Λt(rt1rt2; rt3rt4)

= Φeh(1↑2↓; 3↑4↓) + Φeh(1↑2↓; 3↓4↑) + Φeh(1↑2↓; 3↑4↓) + Φeh(1↑2↓; 3↓4↑)

= Φeh(1↑2↓; 3↑4↓) + Φeh(1↑2↓; 3↓4↑)− Φeh(1↑2↓; 4↓3↑)− Φeh(1↑2↓; 4↑3↓) (145)
= Φeh(1↑2↓; 3↑4↓) + Φm(rt1rt2; rt3rt4)− Φm(rt1rt2; rt4rt3)− Φeh(1↑2↓; 4↑3↓)

=
1

2
Φd(rt1rt2; rt3rt4) +

1

2
Φm(rt1rt2; rt3rt4)−

1

2
Φm(rt1rt2; rt4rt3)−

1

2
Φd(rt1rt2; rt4rt3),

and its static limit in a spatial-orbital basis set reads

Γm
pqrs = 〈pq|rs〉 − 〈pq|sr〉+ 1

2
Φd

pqrs +
1

2
Φm

pqrs −
1

2
Φd

pqsr −
1

2
Φm

pqsr. (146)

C. Self-energy

It has been shown in the main manuscript that the correlation part of the self-energy can be expressed in terms of
Φeh and Φpp. The aim of this section is to express Σc in terms of the spin-adapted reducible vertices Φd, Φm, Φs and
Φt.

1. eh self-energy

The spin-adaptation of the eh contribution reads

Σeh(1↑1
′
↑) = −i

∑
σ2σ3σ4

σ2′σ3′σ4′

v̄(1↑2σ2
; 3′σ3′

2′σ2′
)G(3′σ3′

3σ3
)G(4′σ4′

2σ2
)G(2′σ2′

4σ4
)Φeh(3σ3

4σ4
; 4′σ4′

1′↑)

= −i
∑

σ2σ3σ4

v̄(1↑2σ2 ; 3
′
σ3
2′σ4

)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ
eh(3σ34σ4 ; 4

′
σ2
1′↑)

= −i
∑
σ2σ3

v̄(1↑2σ2
; 3′σ3

2′↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ
eh(3σ3

4↑; 4
′
σ2
1′↑)

− i
∑
σ2σ3

v̄(1↑2σ2 ; 3
′
σ3
2′↓)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

eh(3σ34↓; 4
′
σ2
1′↑)

= −iv̄(1↑2↑; 3
′
↑2

′
↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

eh(3↑4↑; 4
′
↑1

′
↑)

− iv̄(1↑2↓; 3
′
↓2

′
↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

eh(3↓4↑; 4
′
↓1

′
↑)

− iv̄(1↑2↓; 3
′
↑2

′
↓)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

eh(3↑4↓; 4
′
↓1

′
↑)

= − i

2
v̄(rt1rt2; rt3′rt2′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)

[
Φd(rt3rt4; rt4′rt1′) + Φm(rt3rt4; rt4′rt1′)

]
+

i

2
v(rt1rt2; rt2′rt3′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)

[
Φd(rt3rt4; rt4′rt1′)− Φm(rt3rt4; rt4′rt1′)

]
− iv(rt1rt2; rt3′rt2′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

m(rt3rt4; rt4′rt1′)

= Σd(rt1rt1′) + Σm(rt1rt1′).

(147)

The density and magnetic components of the self-energy are defined as

Σd(rt1rt1′) = − i

2
[v(rt1rt2; rt3′rt2′)− 2v(rt1rt2; rt2′rt3′)]G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

d(rt3rt4; rt4′rt1′), (148a)

Σm(rt1rt1′) = −3i

2
v(rt1rt2; rt3′rt2′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

m(rt3rt4; rt4′rt1′). (148b)

It can be shown similarly that Σeh(1↑1
′
↓) is zero.
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2. pp self-energy

The spin-adaptation of the pp contribution reads

Σpp(1↑1
′
↑) = − i

2

∑
σ2σ3σ4

σ2′σ3′σ4′

v̄(1↑2σ2
; 3′σ3′

2′σ2′
)G(3′σ3′

3σ3
)G(4′σ4′

2σ2
)G(2′σ2′

4σ4
)Φpp(3σ3

4σ4
; 4′σ4′

1′↑)

= − i

2

∑
σ2σ3σ4

v̄(1↑2σ2
; 3′σ3

2′σ4
)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

pp(3σ3
4σ4

; 4′σ2
1′↑)

= − i

2

∑
σ2σ3

v̄(1↑2σ2
; 3′σ3

2′↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ
pp(3σ3

4↑; 4
′
σ2
1′↑)

− i

2

∑
σ2σ3

v̄(1↑2σ2
; 3′σ3

2′↓)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ
pp(3σ3

4↓; 4
′
σ2
1′↑)

= − i

2
v̄(1↑2↑; 3

′
↑2

′
↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

pp(3↑4↑; 4
′
↑1

′
↑)

− i

2
v̄(1↑2↓; 3

′
↓2

′
↑)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

pp(3↓4↑; 4
′
↓1

′
↑)

− i

2
v̄(1↑2↓; 3

′
↑2

′
↓)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

pp(3↑4↓; 4
′
↓1

′
↑)

= − i

2
v̄(rt1rt2; rt3′rt2′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

t(rt3rt4; rt4′rt1′)

+
i

4
v(rt1rt2; rt2′rt3′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)

[
Φt(rt3rt4; rt4′rt1′) + Φs(rt3rt4; rt4′rt1′)

]
− i

4
v(rt1rt2; rt3′rt2′)G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)

[
Φt(rt3rt4; rt4′rt1′)− Φs(rt3rt4; rt4′rt1′)

]
= Σs(rt1rt1′) + Σt(rt1rt1′).

(149)

The singlet and triplet components of the self-energy are defined as

Σs(rt1rt1′) = +
i

4
[v(rt1rt2; rt3′rt2′) + v(rt1rt2; rt2′rt3′)]G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

s(rt3rt4; rt4′rt1′), (150a)

Σt(rt1rt1′) = −3i

4
[v(rt1rt2; rt3′rt2′)− v(rt1rt2; rt2′rt3′)]G(rt3′rt3)G(rt4′rt2)G(rt2′rt4)Φ

t(rt3rt4; rt4′rt1′). (150b)

It can be shown similarly that Σpp(1↑1
′
↓) is zero.

3. Fourier transform

We can easily deduce the Fourier transform of the spin-adapted self-energy using the results of the spin-orbital
section

Σd(r1r1′ ;ω) = − i

2(2π)2

[
v(r1r2; r3′r2′)− 2v(r1r2; r2′r3′)

]
∫

d(ω1ω2)G(r3′r3;ω1)G(r4′x2;ω2)G(r2′r4;ω − ω1 + ω2)Φ
d(r3r4; r4′r1′ ;ω2 − ω1),

(151a)

Σm(r1r1′ ;ω) = − 3i

2(2π)2

[
v(r1r2; r3′r2′)

]
∫

d(ω1ω2)G(r3′r3;ω1)G(r4′r2;ω2)G(r2′r4;ω − ω1 + ω2)Φ
m(r3r4; r4′r1′ ;ω2 − ω1),

(151b)

Σs(r1r1′ ;ω) =
i

4(2π)2

[
v(r1r2; r3′r2′) + v(r1r2; r2′r3′)

]
∫

d(ω1ω2)G(r3′r3;ω1)G(r4′r2;ω2)G(r2′r4;ω − ω1 + ω2)Φ
s
P(r3r4; r4′r1′ ;ω2 + ω),

(151c)
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Σt(r1r1′ ;ω) = − 3i

4(2π)2

[
v(r1r2; r3′r2′)− v(r1r2; r2′r3′)

]
∫

d(ω1ω2)G(r3′r3;ω1)G(r4′r2;ω2)G(r2′r4;ω − ω1 + ω2)Φ
t
P(r3r4; r4′r1′ ;ω2 + ω).

(151d)

4. Self-energy expressions

The above integrals can be computed analytically in a similar way to the spin-orbital ones. The expression of the
density part of the self-energy in a spatial orbital basis is

Σd
pq(ω) =

+
1

2

∑
ijan

( 〈pa|ij〉 − 2 〈pa|ji〉)
εa − εi − Ωd

n − iη

Md
ia,nM

d,∗
qj,n

ω − (εj − Ωd
n + 2iη)

− 1

2

∑
ijan

( 〈pa|ij〉 − 2 〈pa|ji〉)
εa − εi − Ωd

n − iη

Md
ia,nM

d,∗
qj,n

ω − (εi + εj − εa + 3iη)

+
1

2

∑
ijan

( 〈pa|ij〉 − 2 〈pa|ji〉)
εa − εi +Ωd

n − 3iη

Md,∗
ai,nM

d
jq,n

ω − (εi + εj − εa + 3iη)
+

1

2

∑
ijan

( 〈pi|aj〉 − 2 〈pi|ja〉)
εa − εi +Ωn − 3iη

Md
ai,nM

d,∗
qj,n

ω − (εj − Ωd
n + 2iη)

+
1

2

∑
iabn

( 〈pi|ab〉 − 2 〈pi|ba〉)
εa − εi − Ωd

n − iη

Md,∗
ia,nM

d
bq,n

ω − (εb +Ωd
n − 2iη)

− 1

2

∑
iabn

( 〈pi|ab〉 − 2 〈pi|ba〉)
εa − εi − Ωd

n − iη

Md,∗
ia,nM

d
bq,n

ω − (εa + εb − εi − 3iη)

+
1

2

∑
iabn

( 〈pi|ab〉 − 2 〈pi|ba〉)
εa − εi +Ωd

n − 3iη

Md
ai,nM

d,∗
qb,n

ω − (εa + εb − εi − 3iη)
+

1

2

∑
iabn

( 〈pa|ib〉 − 2 〈pa|bi〉)
εa − εi +Ωn − 3iη

Md,∗
ai,nM

d
bq,n

ω − (εb +Ωd
n − 2iη)

.

(152)

The expression of the magnetic part of the self-energy in a spatial orbital basis is

Σm
pq(ω) =

+
3

2

∑
ijan

〈pa|ij〉
εa − εi − Ωm

n − iη

Mm
ia,nM

m,∗
qj,n

ω − (εj − Ωm
n + 2iη)

− 3

2

∑
ijan

〈pa|ij〉
εa − εi − Ωm

n − iη

Mm
ia,nM

m,∗
qj,n

ω − (εi + εj − εa + 3iη)

+
3

2

∑
ijan

〈pa|ij〉
εa − εi +Ωm

n − 3iη

Mm,∗
ai,nM

m
jq,n

ω − (εi + εj − εa + 3iη)
+

3

2

∑
ijan

〈pi|aj〉
εa − εi +Ωn − 3iη

Mm
ai,nM

m,∗
qj,n

ω − (εj − Ωm
n + 2iη)

+
3

2

∑
iabn

〈pi|ab〉
εa − εi − Ωm

n − iη

Mm,∗
ia,nM

m
bq,n

ω − (εb +Ωm
n − 2iη)

− 3

2

∑
iabn

〈pi|ab〉
εa − εi − Ωm

n − iη

Mm,∗
ia,nM

m
bq,n

ω − (εa + εb − εi − 3iη)

+
3

2

∑
iabn

〈pi|ab〉
εa − εi +Ωm

n − 3iη

Mm
ai,nM

m,∗
qb,n

ω − (εa + εb − εi − 3iη)
+

3

2

∑
iabn

〈pa|ib〉
εa − εi +Ωn − 3iη

Mm,∗
ai,nM

m
bq,n

ω − (εb +Ωm
n − 2iη)

.

(153)

The expression of the singlet part of the self-energy in a spatial orbital basis is

Σs
pq(ω) =

− 1

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωhh,s

m − εj − εk − iη

Mhh,s,∗
jk,m Mhh,s

aq,m

ω − (Ωhh,s
m − εa + 2iη)

+
1

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωhh,s

m − εj − εk − iη

Mhh,s,∗
jk,m Mhh,s

aq,m

ω − (εj + εk − εa + 3iη)

− 1

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωee,s

m − εj − εk − 3iη

M ee,s
jk,mM ee,s,∗

aq,m

ω − (εj + εk − εa + 3iη)
− 1

4

∑
abcm

( 〈pa|bc〉+ 〈pa|cb〉)
εb + εc − Ωhh,s

m − 3iη

Mhh,s,∗
bc,m Mhh,s

aq,m

ω − (Ωhh,s
m − εa + 2iη)

− 1

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωee,s

m − iη

M ee,s
bc,mM ee,s,∗

iq,m

ω − (Ωee,s
m − εi − 2iη)

+
1

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωee,s

m − iη

M ee,s
bc,mM ee,s,∗

iq,m

ω − (εb + εc − εi − 3iη)

− 1

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωhh,s

m − 3iη

Mhh,s,∗
bc,m Mhh,s

iq,m

ω − (εb + εc − εi − 3iη)
− 1

4

∑
ijkm

( 〈pi|jk〉+ 〈pi|kj〉)
Ωee,s

m − εj − εk − 2iη

M ee,s
jk,mM ee,s,∗

iq,m

ω − (Ωee,s
m − εi − 2iη)

.

(154)
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The expression of the triplet part of the self-energy in a spatial orbital basis is (TODO: WRONG SIGN IN COULOMB)

Σt
pq(ω) =

+
3

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωhh,t

m − εj − εk − iη

Mhh,t,∗
jk,m Mhh,t

aq,m

ω − (Ωhh,t
m − εa + 2iη)

− 3

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωhh,t

m − εj − εk − iη

Mhh,t,∗
jk,m Mhh,t

aq,m

ω − (εj + εk − εa + 3iη)

+
3

4

∑
ajkm

( 〈pa|jk〉+ 〈pa|kj〉)
Ωee,t

m − εj − εk − 3iη

M ee,t
jk,mM ee,t,∗

aq,m

ω − (εj + εk − εa + 3iη)
+

3

4

∑
abcm

( 〈pa|bc〉+ 〈pa|cb〉)
εb + εc − Ωhh,t

m − 3iη

Mhh,t,∗
bc,m Mhh,t

aq,m

ω − (Ωhh,t
m − εa + 2iη)

+
3

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωee,t

m − iη

M ee,t
bc,mM ee,t,∗

iq,m

ω − (Ωee,t
m − εi − 2iη)

− 3

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωee,t

m − iη

M ee,t
bc,mM ee,t,∗

iq,m

ω − (εb + εc − εi − 3iη)

+
3

4

∑
ibcm

( 〈pi|bc〉+ 〈pi|cb〉)
εb + εc − Ωhh,t

m − 3iη

Mhh,t,∗
bc,m Mhh,t

iq,m

ω − (εb + εc − εi − 3iη)
+

3

4

∑
ijkm

( 〈pi|jk〉+ 〈pi|kj〉)
Ωee,t

m − εj − εk − 2iη

M ee,t
jk,mM ee,t,∗

iq,m

ω − (Ωee,t
m − εi − 2iη)

.
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