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This document contains the detailed derivations of the equations reported in the associated main manuscript, where
missing notations can be found. The first three sections set the stage for the parquet formalism that is discussed in
the remaining sections. Section I defines the time and Fourier transform conventions that are used in this work. The
electron-hole (eh) and the particle-particle (pp) Bethe-Salpeter equations (BSEs) are presented in detail in Secs. II
and ITI, respectively. In particular, these include their transformation to frequency space, their solution in a basis of
spin-orbitals, as well as their spin adaptation. The presentation of parquet formalism starts with the Fourier transform
of all its equations performed in Sec. IV. These equations are then projected in a basis of spin orbitals in Sec. V.
Finally, Sec. VI reports the spin-adapted parquet equations.
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I. FOURIER TRANSFORM
A. Single-time convention

The electronic structure Hamiltonian is time-independent, which means that the 2-point quantities depend on a
single time variable. The Fourier transform is defined as

Gw) = /dTei‘”G(T), (1)

and the inverse Fourier transform is given by

G(r) = %/dw e TG(w). (2)

B. Three-time electron-hole convention

Once again, because the electronic structure Hamiltonian is time-independent, the 4-point quantities depend on
only three time variables. There are multiple possible choices for these three independent time variables, some of
which simplify the Fourier transforms of the quantities involved. However, a key challenge arises because different
channels naturally favour different choices of time variables, and these channels become intertwined in the parquet
decomposition of F'. In this section and the next, we will define two distinct conventions.

The eh time-dependence convention is set to be

F(12;34) = F(x1X2;X3X4; T13, T24, T23) (3)
and the associated three-time Fourier transform is defined as

il/7'13+il//‘l'24 +iwTas F(

F(x1x2; X3X4; v,V ,w) = /d(7'137'247'23)6 X1X2; X3X4] T13, T24, T23)- (4)

In Matsubara terms, both v and v/ are fermionic frequencies, whereas w is a bosonic frequency. This distinction arises
because G4, and consequently F', is antisymmetric with respect to the time arguments 713 and 74, while it remains
symmetric with respect to 7o3.

The eh scattering corresponding to this convention is drawn in Fig. 1.> The pair of ingoing (blue) and outgoing (red)
particles both have a total energy w, which is preserved through scattering. However, the energy difference between
the two particles is allowed to vary.
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FIG. 1. Scattering of an eh pair of energy w. The blue (red) lines represent the ingoing (outgoing) particles.

C. Three-time particle-particle convention

The pp time-dependence convention is set to be
Fp(12;34) = Fp(x1X2; X3X4; T12, T43, T13), (5)

where the index P is here to indicate that the alternative convention has been used. The associated three-time Fourier
transform is defined as

. . .
1T 1V T4z 1WT 4
12+ 43+ UFP(

Fp(x1x2; X3X4; v, V', W) Z/d(7127'437'13)6 X1X2; X3X4; T12, T43, T13)- (6)



The electron-electron scattering corresponding to this convention is drawn in Fig. 2.1 The pair of ingoing (blue)
and outgoing (red) particles both have a total energy w, which is preserved through scattering. However, the energy
difference between the two particles is allowed to vary.
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FIG. 2. Scattering of an ee pair of energy w. The blue (red) lines represent the ingoing (outgoing) particles.

D. Link between conventions

One can link these two conventions
) C
F(X1X2; X3Xy,V,V aw)
_ ivT: +il//7- FiwTss . .
= /d(7'137'24723) e 24T Fp (X1 X9} X3X4; T13 — T23, —T24 + T23, T13)

1

— o . .
(2W)3/d(w1w2w3) P (X1X2; X3X4; W1, Wa, W3) (7)

x /d(T13T247'23) eiVT13+iV/T24+iw‘F23e*iwl(713*723)e*iw2(*7'24+7'23)e*iwsTls
. . !
= /d(W1WQW3) FP(X1X2, X3X4; wl,wg,w3)5(y — w1 — W3)5(V + CUQ)(S(M +wp — CUQ)7

through a mere frequency shift
F(x1x2; X3%4; v,V ,w) = Fp(x1X2; X3X4; —w — V', =V, w + v+ V). (8)
This relation can be inverted to give

Fp(x1X0; x3%4; 1, V', w) = F(x1X9; XgXg; 0 + v, =,V —v). 9)

II. ELECTRON-HOLE BETHE-SALPETER EQUATION
This section will discuss the solution of the eh-BSE
L(12;12") = Lo(12;1'2") + /d(343’4') Lo(13; 1’3)I‘eh(34; 34\ L(4'2;42"), (10)

in a finite basis of orbitals.

A. Fourier transform

Once the time indices are explicitly written down (in the eh convention of Sec. IB), the eh-BSE becomes

L(7117, o2, To11) = Lo(Tll'szz'szl')+/d(tl'tz't3't4')LO(TH',73'3aT3f1f)Feh(733/,T44/,T43f)L(T4f4,722/,724)- (11)



The spin-space indices are not written for the sake of conciseness. This can be Fourier transformed as

L(v,V' ,w) = Lo(v, I/,w)+/d721/ el /d(t3t4t3/t4/)Lo(V7 733, 731 ) DM (7337, Taar, Tagr ) L(Tara, V' To4)
1

/d(ulz/g)/dnl/ elw2r /d(t4t3/)L0(u, I/l,Tglll)Feh(Vl,7/27T43/)L(1/2,V/7T24) (12)

/d(ulz/g) Lo(v, v1, )T (11, v, w) L(va, V', w),
and this yields
L(x1%x2; x1/X21;w) = Lo(X1X2; X1/X2/; )
+ @2 /d(V1V2) Lo(x1x33X1:%3; 1, w) TP (X3%45 X3/ X4 V1, Vo, w) L(XarXo; XaXors v, W), (13)

once the eh pair is assumed to be created and annihilated instantaneously.?
Unfortunately, because the kernel depends on three frequencies, the above equation cannot be inverted. Following
the methodology introduced for the usual eh-BSE case,® an effective dynamic kernel is defined as

~ 1 _ _
reh(w) = W /d(vlyg) (L (W) Lo(v1, w)TM (1, va, w) Lo, w) (L1 (w), (14)
such that the eh-BSE becomes
L(w) = Lo(w) + Lo(w)T*"(w) L(w), (15)
and is now easily invertible, as follows
L7 (%1% X1 Xow) = Lgl(x1X2;x1/x2/;w) — feh(x1X2;x1/x2/;w). (16)

However, as readily seen in Eq. (14), its kernel self-consistently depends on L. In order to suppress this dependency,
the effective kernel is approximated as

I (w) = ﬁ /d(VWz) (Lo ") (w)Lo(v1,w)T™ (11, v, w) Lo (v2,w) (Ly 1) (), (17)

where one simply replaces the kernel L by its independent-particle version Ly in Eq. (14). Finally, note that if the kernel
is static, or is assumed to be static, i.e. T (v, v5,w) = I'®", the approximate dynamic kernel remains unchanged, i.e.
[t (w) = Teb,

B. Independent-particle propagator

The eh non-interacting propagator is defined as
Lo(12;1'2") = G(12")G(21), (18)
and its time-dependence (in the eh convention of Sec. IB) is

LO (X1X2§ X1/X2/3T117, T22/ 4 7-21’) = G(XIXQ’ ; 7—12’)G(X2X1’ ; 7-21’)

19
= G(x1x2/; T11r — To1 + To2r )G (XoX175 To17). (19)
It can be Fourier transformed as
Lo(x1%2; X1/ Xor; v, V', w)
— /d(Tll,Tzlezl,)eiu711/+iy/r22/+iw7'21/
1 —iw1 (7117 —To1/ +T207) 1 —lwaTyys
<\ 5- dwy e T2 T2 ) G (x Xor5 w1 ) Py dwy 712721 G(x9x1/; W2)
T T
(20)
1
= (27‘[‘)2 /d(wlcUQ)G(X1X2/;W1)G(X2X1/;UJ2)

> (/ dris eim—n/e—iwlrnx) (/ A7y eiy’7—22/e—iw17—22/> (/ dray/ eiUJTZI/eiW1T21/ei—UJ27'211)

= 271G (x1%2/; V)G (x2x1/;w + V)6 (v — V).



The single-frequency propagator is obtained by integrating out the two fermionic frequencies
1
Lo(x1X9; X1/ Xo;w) = o /du G(x1x2;V + w)G(X2x1/; V), (21)
s

and can be computed as

Lo(x1%2; X1/ X215 W)

pi(x1)p; (x2) Pa( X1 <Pa (x2r) p;(x2) ] (x17) @ X2 <Pb Xl')
dv
27r/ (ZV (6; —w+1in) Z 177)) zj: v— (g +1in) in)

_ pi(x1)ef(x2) po(xe)pp(xr) 1 [ Pa(x1)05 (x2) %(X2)<Pj (Xl')
- / ZV— (e —w+1in) v— (e —in) +27r/d %:v—(ea—w—in) v— (e +in) (22)
(

N 20 (o) (xa)0f (51) N PalX1) e ()05 (x2) ) (k)
Z (6i —w+in) — (e —in) 2 (¢ +1in) — (o —w —in)

©i(x1)@F (x2/)pp(x2) <Pb X11) va(x1 Soa X2’)90J(X2)80 (x1)
2 +i Z
w— (& — e + 2in) w— (eq — €5 — 2in)

ja

Once projected in a basis, this yields

OpalsadqiOri 0pi0si0qal
I e _ pa0sa0qiOri o pi0si0qaOra ' 9
(Lo)pars () 1Zw—(ea—ei—2in) lgw—(ei—ea—i-ﬁn) (23)

a
C. Spin-orbital expression

Once projected in a basis set, the eh-BSE reads

(L)pars(@) = (Lo)pars (@) + (Lo)ptru (@) () Lugus (@), (24)

or

(L) pgrs (@) = (L0) pgrs (@) = Tpgs (@), (25)

where the independent-particle propagator tensor can be transformed into a diagonal matrix by defining composite
indices Lo = (Lo)rp,qs

(Lo)~" = <(L°2;“*"“ (Lo?aw,) o <_idiag[w 0 (o) idiaglw f(ea - 62’)])

fJw 0 (€ O
:—1(0 _w) +1<0 eai), (26)

where €,; = diag(e, — €;) and w = wl. Hence, the BSE can be written as

R T O [ A I P B | BT R R 200 R

0 —w €qi

where the metric M and the effective Hamiltonian matrix H"(w) are defined as

M= (o 4) 1= (5 i) 2

in terms of the blocks given by

Aeh,gb( ) = (€0 — €)8apdij + 055 (w), (29a)
B, = ifeh (29b)

ia,bj — abij-
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The eigenvalue decomposition of the latter is written as (L")t - £ . R where the diagonal matrix £ gathers the

eigenvalues, and the left and right eigenvectors are given by

Heh . Reh — Reh . geh, (Heh)T . Eeh _ Leh . Seh7

and fulfil the orthonormality condition ([,eh)T - RM = 1 More precisely, the eigenvectors can be written as

L:eh _ (Xeh)T 7Yeh Reh _ Xeh (Yeh)T
_(Yeh)T Xeh ) Yeh (Xeh)T ’

and the eigenvalue matrix is
goh _ (Q(;’h _;)zeh).
The inverse propagator can be written as
L' (w) = —iM - (M. [wl— SCh] LR,

and then inverted

to finally give

with
Li(w) = x°h wl th]—1 ) (Xeh)T -~ (Yeh)* wl + th]—l ) (Yeh)T7
Lo(w) = xch wl — th]fl ) (Yeh)T _ (Yeh)* Wl + th]q (Xeh)T7
Ls(w) = Y - [wl — Q1. (X°0) = (X°h)* . [wl + Q°h]~1. (X°)T,
Li(w) =Y [wl — Q1. (Yo — (XB)* . (w1 + QL. (X°M)T.

This matrix can be written as

P peh * peh *peh
L , ,(w):i rpn qs,n i pr,nltsq,n ’
e Z w— (P —in) Z — (=P + i)

where

pi};,n = Z [X;ll;,nérbépj + Y;Z'}:n(srj(spb} .
b

D. Spin adaptation

The eh-BSE for the three different spin combination reads

L1421 1524) = Lo(142131425) + D Lo(143,,3 1430, )0 (30440335, 40, ) L (45, 243 40,25),

o304
T3/ 041

L(142,3142)) = Lo(14243 142)) + Y Lo(143y,,3 1430, (3544053, 45, )L (45, 243 45,2,

0304
T3/ 041

L(]'TQU 112%) = L0(1T2$; 112%) + Z Lo(lTSJ /9 303)Feh(303 04’3;3/4;4/)L(4;4/ 2¢; 4042%%

0304
031041

(30)

(39a)

(39b)

(39¢)



where we have made explicit the sum over integrated spin variables. The spin independence of G can be used to
simplify these sums

L(132431525) = Lo(14245 1524) + Y Lo(14355 431)T (34403 3345, ) L(4,, 24540, 24), (40a)
T40 1

L(142)5142)) = Lo(142,5152) + D Lo(1434 1430)T" (3440,; 334, ) L(4} 2544, 2)), (40b)
0’40’4/

L(142,;1)2}) = Lo(142,;1)2}) + Y Lo(143};1)31)T°" (314,,,5 314, ) L(4,, 2,346, 2}). (40c)
T40 41

They can be further simplified by considering only the non-zero spin combinations for two-body quantities

L(14+24; 1%2%) = Lo(rtirte; vty rty)

[ ] 4la
+ Ly (I‘tlrtgr; I‘tl/rtg) Feh(3T4¢; 3%4%)[1(4%2@ 4T2/T) + Feh(3T4¢; 3%41).[/(41213 4~L2{T) , ( )
L(1T2¢; 1%21) =0
[ ] 41b
+ Lo (I‘tll‘tg/; I‘tl/rtg) Peh (3T4T; 3%4%)[1(4%2@ 4T21) + Feh(3T4¢; 3%41)L(412¢, 4¢21) s ( )
L(]‘TQi; 112%) = Lo(rtlrtg; I‘tlll‘tg/) + Lo (I‘tlrtgl; I‘tlll‘tg) Feh (3T4~L; 314%)[1(4%2& 4¢2£F) . (410)

For an eh propagator, the incoming electron and hole have indices 2 and 2’, respectively. The corresponding outgoing
particles have indices 1’ and 1. The eh pair with spin S, = —1 is |1 and the corresponding propagator L4+ is
decoupled from the other propagators and, therefore, is already spin-adapted. It corresponds to the propagation of
a S, = —1 triplet eh pair. The remaining two components L4 and Lqyqy are coupled. They correspond to the
propagation of S, = 0 eh pairs and can be spin-adapted through

LA(rtyrta;rtyrty) = L(14241524) + L(1424; 152, (42a)
Lm(rtlrtg; I‘tlll‘tg/) = L(]‘T2T; 1%2%) — L(1T2~L; 1%21), (42b)
leading to two decoupled BSEs
Ld (I‘tlrtg; I‘tl/ I‘tgl) = Lo (I‘tlrtg; I‘tll I‘tg/) + Lo (I‘tl I‘tgl; I‘tll I‘t3>rd (I‘th‘t4; I‘tg/ I‘t4/)Ld (I‘t4/ I‘tg; rt4rt2/), (43&)
™ (I'tlrtg; I'tll I‘tgl) = Lo (I‘tl I'tg; I‘tll I'tgl) + Lo (I‘tl I‘tgl; I‘tll rt3)Fm (I't31‘t4; I't3/ I‘t4/)Lm(I't4/ I‘tQ; rt4rt2/). (43b)

These two spin-adapted propagators are referred to as the density LY and magnetic L™ propagators, respectively, and
they correspond to the propagation of S, =0/S =0 and S, = 0/S =1 eh pairs.

E. Spatial-orbital expression

The BSEs for the density and magnetic eh propagators can be solved in the exact same way as the BSE for the full
eh propagator, but in spatial orbital basis rather than in spin-orbital basis. Hence, solving the density channel BSE is
equivalent to diagonalizing an effective Hamiltonian matrix H%(w) defined as

%d(w) = <AdB}?1J,’2 Agj:(w)) (44)

in terms of
A?a,jb(w) = (€a — €i)dabdij + ifgjib(w)7 (45a)
B?a,bj = "Hfgbija (45b)

where the tensor elements of the kernel are given by

f‘quS (w) = feh (w) + f]ell%lqir¢8¢ (w)' (46)

PrarTrSt



On the other hand, the effective Hamiltonian matrix H™ (w) to diagonalize for the magnetic channel BSE is given by

o B Am (LU) Bm
H (w) = (_Bmf( —Am’T(w))’ (47)
in terms of
T jb(@) = (€a — €)6ap0ij + il (w), (48a)
iabj = +ifg}n‘j’ (48Db)

where the tensor elements of the kernel are given by

M (w)=Tch (w). (49)

pgrs Pqu"lST

11l. PARTICLE-PARTICLE BETHE-SALPETER EQUATION
This section will discuss the solution of the pp-BSE
1
K(12;1'2") = Ko(12;1'2") — 5 /d(33’44’) Ko(12;33")IPP(33';44") K (44';1'2"), (50)

in a finite basis of orbitals.

A. Fourier transform
In the pp time convention, the pp-BSE is

Kp(Ti2, 7201/, T117) = Ko p(T12, Tor17, T117)

1
- 5/d(t3t4t3’t4’)KO,P(TH,7'33’,7'13)ng(7'3’377'44/77'34)KP(T4’4772’IU741’)» (51)

where the pp non-interacting propagator has been defined in Eq. (58). The pp time convention will be used throughout
this section and will be dropped for the sake of conciseness. Once Fourier transformed, it becomes

1
K(V,V/,W) = Ko(l/,V/,LU) - 2(2 )2 /d(yll/Q) KO(V7Vlaw)Fpp(VlaV27w)K(V2al/aw)a (52)
m

which simplifies as

K (x1x2; X1/X21;w) = Ko(x1X2; X1/X2; W)
1
- W / d(viva) Ko(x1x2; X3X3/5 =1, V1, w) PP (X3X3/; XaXars V1, Vo, w) K (XaXar; X1/ X905 12,1, W), (53)
once the pp pair is assumed to be created and annihilated instantaneously.?
Unfortunately, because the kernel depends on three frequencies, the above equation cannot be inverted. Following
the methodology introduced for the usual eh-BSE case,® an effective dynamic kernel is defined as*

77(w) = gz [ dlvame) (K1) @)K (0,607 (01,2, Ko (K ) 0), (54)
such that the pp-BSE becomes
K () = Ko(w) ~ 3 K@) (@) Ko(w), (55)

and is now easily invertible, as follows

1~
K (x1Xo; X1/ Xorw) = Kal(xle;xl/xQ/;w) + §Fpp(x1X2;x1,x2/;w). (56)



However, as readily seen in Eq. (54), its kernel self-consistently depends on K. In order to suppress this dependency,
the effective kernel is approximated as

~ 1 _ _
I'PP(w) =~ )2 /d(V1V2) (K5 M) (w)Ko(=n, v1,w)TPP (11, va, w) Ko (v2, 1, w) (Ky ) (w), (57)
where one simply replaces the kernel K by its independent-particle version Ky in Eq. (54). Finally, note that if

the kernel is static, or is assumed to be static, i.e. TPP(vy,v9,w) = T'PP, the approximate dynamic kernel remains
unchanged, i.e. I'PP(w) = T'PP.

B. Independent-particle propagator

The pp non-interacting propagator is defined as
Ky(12;1'2") = %[G(ll’)G(?Q’) - G(12)G(21)], (58)
and its time-dependence (in the pp convention of Sec. IC) is
Ko(x1x2; X X5 Ti2, Tor1/, Ti17)

1 1
= iG(Xlxl’ETll’)G(XZXT;7'22’) - §G(X1X2’;T12/)G(X2X1’;7’21')

59)
1 (
= §G(X1X1’;T11’)G(X2X2’; —Ti2 + Tiv — Torn) — iG(XleQ Ti1 — Tor1 )G (XaX1/; —Tig + T117)
= K} (x1X2; X1/ X3 Tia, Tor1s, Ti1v) + Ko (X1Xo; X3X45 Tig, Tortrs T11/)-
The first term can be Fourier transformed as
K(IJ(X1X2;X1/X2/; v, V/aw)
1 . - .
i d(T 07011711/ 61V7'12+1V Torqr +iwTyq/
2/ (T12T2r1T117)
1 —iTy w1 1 7i(77'12+'r 1 —Tor /)(.«)2
X o dwy e VTG (x x5 w1) p dws e 1 721 )92 (X9 Xor s wa)
1
= 3202 /d(wlwg)G(xlxlz;wl)G(xQxQ/;wg) (60)
% (/ dT12€il/T12€iT12WQ) (/dT2/1/€il//T2/1/eiTzll/WQ) (/dTllleinll/e—iTlllwle—iTll/MQ)
1 s/ . . . .
= 72(2 ] /dm G(x1x1/;w1)G(X9X2; —V) (/ dryrge” T2V esz/l"’“) (/ dﬁyewll/e_”“’“le”ll’”>
s
21 ,
= 7G(x1x1/; w + V)G (xaxa; —1)d(v — V'),
while the Fourier transform of the second term reads
K (x1%x0; x1%05 0,0/, w) =
1 ) ., )
- A(T1oTor11T11/ 61V712+1V Torqr HiwTyqr
2/ (T12T2r1/T117)
! =711/ =Tar1r)w 1 —i(—T12+711/)w
X dUJ]_ € 1/ T2l 1G(x1x2/;w1) - dLUQ € 127 2G(X2X1/;WQ)
2 2T
1
= 2(27‘(‘)2 /d(W1WQ)G(X1X2/;UJ1)G(X2X1/;WQ) (61)

% (/ dTlZGIVTlgeIleLUz) (/ d7'2/1/e“’ 7'2/1/elT2/1/UJ1) (/ dTlllelUJTll/e—lTlllwle—lT11/UJ2)
1

= 3@m /dwl G(x1X2;w1)G(x2X1/; —V) </ droryre™” T e”“’““) </ dﬁl«e””ll’e”11’“16”11”’>
I8

2
= gG(xlel; w+ V)G (xox1; ) (v +w + V).
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The single-frequency propagator is obtained by integrating out the two fermionic frequencies
Ko(x1X2; X1/ X0 ;w) = % / dv [G(x1x1;w + V)G(XaX2; —V) — G(X1X2/; w + V)G (X2X17; —V)]. (62)
The first term is computed as

1
Kl(w) = y= /dl/ G(x1x1/;w + V)G (X2Xa; —V)

Z % x1)e; (x1) Z <Pa X1); (x11) _Z SDJ(XQ % X2/) ©s( X2 o (x27)
v—(—w+e¢ +in) v—(—w+e —1in) . v—(—¢; —in) ; v—(—e+1in)

/ Z % x1)p;(xr)  pi(x2)ej(xe) / Z sou x1)pa(x1)  pu(x2)pp(x2r) (63)
v—( w—i—ez—l—m)z/—(—e-—in) ar v—(—w+e,—in)v—(—e +1in)

_ 2 SDz(Xl)% (x1/)pj(x2) ] (x2r) 27” Z Pa(x1) P, (x )<Pb(X2)<Pb(X2')
47 ” (—w+¢€ +in) — (—€; —in) — —ep+1n) — (—w + €, — in)

i Z wi(x1)e; (x17) ) (x2) ] (x27) i Z Pa(x1) 5 (x17) pp(x2) 05 (X21)
w— (& + € + 2in) w — (+€q + € — 2in)

and, once projected in the finite basis set, reads

I . l 6pi§qj5ri5sj _ 5pa5qb5ra63b
(Bo)pars (@) = 5 Zj: w — (&j + € + 2in) Xb: w—(€a +e —2in) | oy

The second term is computed similarly

KM (w) = %Z i (1) 7 (2 ) (X2) 05 (x1) i 3 ©a(X1) 05 (X2r) o (X2) @5 (X17) (65)

” w — (€ + € + 2in) 2 — w— (+eq + € — 2in)

and, once projected in the finite basis set, reads

11 - i _ 6qi6Pj6Ti58j 6qa6pb67“a(ssb
(KO )qus(w) - 9 12 w— (Ej +e+ 2177) + Zb o — (Ea Tep— 21”) . (66)

These two expressions are gathered to form the tensor elements of K

(Ko)pgrs(w) = (Kg)pgrs(w) + (Kg')pgra ()

_ l Z (quépi(sm'ésj . Z 5qb5pa67‘a65b

2 w — (€j + € + 2in) ~ w — (€a + € — 2in) (67)
B l Z 5pj5qi§”55j _ Z 5pb6qa57“a55b

2 w—(ej +e +2in) S w— (e + e — 2in)

Therefore, Ky has the following antisymmetric properties (Ko)pgrs = —(K0)gprs = —(Ko0)pgsr = (K0)gpsr, Which can
be used to reduce the size of the space that one must consider (see below).

C. Spin-orbital expression

Once projected in a basis set, the pp-BSE reads

Kpgrs (W) = (Ko)pgrs (@) + %(Ko)pqm(W)f?ﬁw(w)Kws (W), (68)
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but it cannot be inverted yet. To do so one must first recast the two-electron basis set {¢,(x1)pq(x2)} (pra}e[1,K]2
(where K is the size of the basis set) as

©p(X1)pq(X2) — 9q(X1)pp(x2)
{ \/§ }p<q,qe[1,K] U

p(X1)0q(X2) + ©q(X1)p(X2
{@p(xl)<ﬁp(x2)}p€[1vmu{<p( ol )\/;O( o )}p<qq€[1 K}.

In other words, the basis set is decomposed into its antisymmetric and symmetric parts. Because of their antisymmetric
nature, K, Ky and I'PP are non-zero only in the first subset. We denote the matrix elements in the antisymmetric
(resp. symmetric) basis set as Kpgrs (resp. KM)' Note that, in this subset, we have p < ¢ and r < s (resp. p < ¢
and r < s). Hence, due to these restrictions on p, ¢, 7, and s, only the second term in Eq. (67) is non-zero, and the

matrix elements in the antisymmetric basis are

. 57'1'63 0 15 j . 57'(165175 a6 b
K)o () = } : 79pi9q;j _ } : paq
(Ko)pgrs(w) = i w — (€ +¢€; + 2in) A (€a + € — 2in)’ (70)

(69)

i<j a<b
and, for the kernel, we have I'?P.(w) = 2I'pP (w). In the antisymmetric basis, the BSE can be inverted and reads
_ _ 1~
(K)pq%(w) = (Ko)pq%(w) + EF%’T(w). (71)

The independent-particle propagator tensor can be transformed into a diagonal matrix by defining composite indices
K,= (KO)pq,Ts

(Ko) ™! = <(K0)ab,ab 0 >1 _ <i diaglw — (€q + €)] 0 >

0 (KO)ij,ij 0 idiag[(ei + Ej) — w] (72)
(W 0 +i —€gb 0
=1 0 —w ! 0 €ij ’
where €;; = diag(e; + €;) and €, = diag(e, + €5). Hence, the BSE can be written as
K (w) = K3 @) + 0w =1 (¢ %) = (6 O ) _1E)| —iMm - w1 — HPP(w)) (73)
0 2 0 —w 0 —€jj 2 ’
with an effective Hamiltonian matrix HPP(w) defined as
C™(w) BrP
PP(,,) —
H?P (w) = (_(Bpp)f —Dpp(w))’ (74)
in terms of the blocks given by
Ol ea(@) = (€a + €)8actha + il g (w), (75a)
By, =+, (75b)
DY (w) = —(€ + €;)dindj + ifipgpkz(w)- (75¢)
In this case, the eigenvectors are
Xee _Yhh Xee Yhh
LPP = <_Yee Xhh >v RPP = <Yee Xhh>a (76)
and the eigenvalue matrix is
Q0
EPP = ( 0 th)- (77)

The inverse propagator can be written as

K (w) =iM - (L)' - [wl — EPP] . RPP, (78)
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and then inverted
K(w) = —iRPP - [wl — EPP] L. (LPP)T. M. (79)

In terms of the eigenvectors and eigenvalues, the pp propagator is written

K;(w) Ks(w)
K(w)=— 80
(w) (Kg(w) Kyw)) (80)
with
Kl(w) — X°° [wl _ Qee}—l (Xee)-r Yhh . [wl _ th]—l . (Yhh)T7 (81&)
KQ(OJ) = X*° [(JJ]. _ Qee}—l (Yee)-r _ Yhh X [wl th]—l ()(hh)-r7 (81b)
Ki3(w) =Y [wl — Q%71 (X°)T — X" [u1 — @M=L (yhhyT, (81c)
Ki(w) =Y [wl - Q1. (YT — X" [u1 — QML (xPhyT, (81d)
or alternatively
ce,* hh,*
ppq mPrs ,m ppq mprs ,m
Koz ms(w) = — — 2
QR 2] ey ey ) =
where
p;z, Z Xab mépa(sqb + Z i, m qja (83&)
a<b i<j
PEZI, = ZXth(S i0gj +Z a};)hmépa(sqb' (83b)
1<J a<b
D. Spin adaptation
The pp-BSE for the three different spin combination reads
1
K125 142) = Ko(14261520) = 5 3 G130, )G (243, TP (0,3, 404y VK (0, 4L 1520), (840
o";gj,
K(1424;142)) = Ko(142;142)) — Z G(1435,)G (2,3}, TP (3,3, 40,4, ) K (45,4, ;152)), (84b)
f;gj
K(1424;1]25) = Ko(142451]2}) — Z G(1435,)G (2,3, TP (35,3, 40,4, VK (45,4, ;1/2}), (84c)
0304
T310y

where we have used the antisymmetry of I'PP to simplify one of the term of K. The spin independence of G can be
used to simplify these sums

1
K(132151324) = Ko(1424;142}) — 5 D G431 G(230)TPP (3434 4o, 4, ) K (45,47, 304p), (85a)
0‘3/0’4/
K12'1/2/—1G11/G22/ 1 G(143:)G(2,3")TPP(3,3":4,, 4" YK(4, 4" 1'2 85b
(142);142)) = 5G(1413) (¢¢)—§Z (1434)G(2,3))TPP (3435 40,4y, ) K (40,475 152)), (85b)
0‘3/0’4/

1 1
K(14251123) = 5 G(L4124)G(21)) - 5 Y G(13)G(23)T™P(343)5 40,4 VK (40,4, 1125). (850)

T3/1041
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They can be further simplified by considering only the non-zero spin combinations for two-body quantities

1
K(1T2T; 1%2%) = Kg (rtlrt2; I‘tl/I‘tQ/) — iG(I‘tlI‘tg)G(I‘tQI‘tg/)Fpp(3T3/T; 4T4/T)K(4T4fr; 1%2%), (863)
1
K(1T2¢; 1%21) = §G(I‘t11‘t1/)G(rt2rt2/)
1 [ pp ! i i ! o/ pp ! ! i ! o/ ] (86b)
- iG(I‘tlrtg)G(I‘tgrtgl) r (3T3,L; 4T4¢)K(4T4¢; 1T2$) +T (3T3¢; 4~L4T)K(4¢4T; 1T2~L) 5
) L .
K(1T2¢; 112%) = 7§G(I‘t1rtg/)G(I‘t2rt1/)
1 [ pp ! / i ! o/ pp ! ! li ! o/ ] (860)
— iG(I‘tlrtg)G(I‘tQI‘tgl) r (3¢3¢; 4T4¢)K(4T4¢; 1i2T) +T (3T3¢; 4~L4T)K(4~L4T; 1$2T) .

For a pp propagator, the two incoming particles are labeled with indices 1’ and 2’, while the outgoing particles
are labeled 1 and 2. Hence, K (1424; 1%2%) corresponds to the propagation of a S, = 1 triplet pair of electrons and is
already spin-adapted. The S, = 0 pairs of electrons, with spin 1| or |1, are not eigenfunctions of the spin operator
S2. As a consequence, in this basis, ['PP(142; 152]) and T'PP(142);1]2}) are coupled. These two propagators can be
spin-adapted by introducing the singlet and triplet propagators

Ks(rtll‘tg; I‘tllrtg/) = K(1T2¢; 1%21) — K(172~L; 112%), (87&)
K (rtirty;rtyrty) = K (142);142]) + K (142, 1]24) = K(1424; 152}), (87b)

which correspond to propagation of S, = 0 pairs of electrons with total spin S = 0 for the singlet and S =1 for the
triplet. In terms of these spin-adapted vertices, the last two pp-BSEs in Eqs. (86) become

_ 1=
K5(rtirto; vtyirte) = Ko(rtirie; vtyirte) — iKO(rtlrtQ; rigrig I (rtgris ; vigrty ) K5 (rtgrty; vtyirtss), (88a)
1
Kt (rtirto;riy vty ) = Ko(rtirte; rtyrt) — §K0 (rtirts; I‘t3rt3/)rt (rtsrts; I‘t4I‘t4/)Kt (vtyrrty;rtyirty), (88b)
where we have introduced

Ry = Z[G(11)G(22) + G(12)G(21")). (89)

N —

These two spin-adapted propagators are referred to as the singlet K® and triplet K* propagators, respectively.

E. Spatial-orbital expression

The BSE for the triplet pp propagator can be solved in the exact same way as the BSE for the full pp-BSE, but
in a spatial orbital basis rather than in a spin-orbital basis. Hence, solving the triplet channel BSE is equivalent to
diagonalizing an effective Hamiltonian matrix #°(w) defined as

C'(w) B
t pr—
ww = (50 ) (90)
in terms of
Cztzb,cd(w) = (€a + €)0acOpa + ifgbcd(w)v (91a)
By = +ilhyis (91Db)
Dy (W) = —(ei + €;)0indj + il (w), (91c)

where p < ¢ in each spatial orbital composite indices pq and the tensor elements of the kernel are given by

hgra(@) =520 o (@), (92)

PrarTyst
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The procedure to solve the BSE for the singlet pp propagator has to be slightly adapted because K, and fgp are
now symmetric. The Fourier transform is the same, but now the BSE is non-zero only in the symmetric subsets of
Eq. (69). This yield an effective Hamiltonian matrix HEP(w) to diagonalize given by

H(w) = (_(’E]éw))T ~ lﬁ(w)) (93)

in terms of

opcd(@) = (€a + €)0acOha + L peq(w), (94a)
b ij = +ifzszbij’ (94b)
D5 ju(w) = — (€& + €;)dikdj1 + if?jkz(wﬁ (94c)

where p < ¢ in each composite indices pq and the tensor elements of the kernel are given by

! PP (w) —TPP (w)]. (95)

I (w):m\/m PraLTsy prayryst

pqrs

IV. FOURIER TRANSFORM

The aim of this section is to obtain the set of parquet equations in frequency space. The Fourier transform of
the Dyson equation is well-known, while the parquet decomposition of F' in frequency space is simply given by the
definitions of the three-time Fourier transform (see Sec. I). Hence, only the BSEs and the self-energy have to be Fourier
transformed.

A. Bethe-Salpeter equations

The Fourier-transformed BSEs for the two-body propagators have already been discussed in the previous Sections.
Hence, the frequency-space form of the BSEs for the full two-body vertex can be easily deduced and read

. . / __1eh . . /
F(x1x9; x3Xa; v, V', w) = T (x1X2; X3Xa; 1, V', W)

dl/1V2
+/ ((QW)Q)FEh(X1X3';X3X1/;V,Vl,W)L(Xl’Xz’;XB'Xzy;V17V2,W)Feh(x4fX2;X2/X4;V2,V/,w)» (96)
and

) C, ol _ TPP ) )
Fp(x1x2;x3x4; 1, V', w) = TP (x1X9; X3X4; v, V', W)

d 1Z40%)
—/ 2((2W)2)F§p(X1X2;X1'X2/;V7V1,W)KP(X1'X2';X3/X4/;V1,V27w)F§>p(X3/X4/;X3X4;VQ,V/,W)' (97)

B. Self-energy

The Fourier transform of the correlation part of the self-energy is now performed. First, the time-dependence can be
simplified thanks to the instantaneous nature of the Coulomb interaction

E<;(X1X1’;7’11/)
= —iU(X1X2;X3/X2/) /d(t2t3t4t2/t3/t4/) (5(7‘12)5(7’13/)5(7’22/)
X G(x3X3;T33) G (X X2; Tur2) G (X Xy Tora) F(X3X4: Xar X173 T347, T4/, Taar) (98)

= —lv(x1X2; X3/ X9/) /d(t2t3t4t4')5(712)G(X3/X3;T13)G(X4'X2;T4'2)G(X2'X4;724)F(X3X4;X4'X1';734',741',744')

= _iU(X1X2§ XS’X2’> / d<t3t4t4’) G<X3’X3§ TlS)G(X4’X2; T4’1>G(X2’X4; 7-14)F(X3X4§ X4/ X1757T347 5 T41/ 7-44’)~
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The self-energy is transformed to frequency space as

Ye(xix15w)

= —iv(X1X2;X3/X2/)/dT11/ e

X /d(t3t4t4')G(XS/X:s;T13)G(X4'X2;74/1)G(X2'X4;T14)F(X3X4;X4/X1/;734/7T41/7T44/)

= - GU(xle;Xg,/xz/)/d(wleW3w4w5w6) /d(7'11/t3t4t4/)G(Xg/Xg;wl)G(X4IX2;WQ)

% G(XQ/X4; W3)F(X3X4; X4 X175 Wa, W, w6>eiw711/e—iw17'13 e—iwzr4/1e—iw3714e—iw47'34/ e—iws7'41/e—iw57'44/
= _ ’U(X1X2; X3/X2/) d(w1w2w3W4w5w6) d(T11/t3t4t4/) G(Xg/Xg; wl)G(X4/X2; LUQ)
(2m)°
X G (%o X4; W) F(X3X4; Xar X173 wa, Wy, we )71 T2 mwa) Ty il mwn) o gilws —wsmwo)ma gilwatws —w2)mary
= (2;)5 ’U(X1X2; X3/X2/) / d(W1WQQJ3LU5(JJ6) / d(Tll/t4t4/) G(Xg/Xg; wl)G(x4/x2; OJQ) (99)

ei(w—wl Fwo—w3)Tyq/ ei(wg. —ws5—we ) Ta1/ (w1 H+we—wa)Tyrq/

X G(x9X4; w3) F(X3Xy; Xq/X175 W1, Wy, We ) e

= o v(xle;x;ny/)/d(w1w2w3w5)/d(711/t4)G(X3/X3;w1)G(X4/xQ;w2)

> G(XQ/X4; (.U3)F(X3X4; X4 X1} W1, Ws, W — wl)e1(w7w1+w27w3)7'11/ 61((4)1 —watw3—ws)Tyq/

1
= ?U<X1X2;X3/X2/)/d(wlwgbL)3)/d(Tlll)G(Xg/Xg;wl)G(X4/X2;w2)

X G(XoX4;w3) F(X3X4; XarX1/; W1, w1 — Wa + Wy, Wa — wy e (W @1twz—ws) Ty

= o U(X1X2;X3'X2')/d(wlwz)G(X3'X3;w1)G(X4'X2;W2)

X G(x2/x4;w —wp + WQ)F(X3X4;X4/X1/;W1,LO7W2 — wl).

This expression can be decomposed into the three components of the self-energy defined in the main text

»(2) (x1%1/; W) = _2(2170217@(1)(2;X3/X2/)17(X3X4;X4/X1') (1008)
a
™ /d(w1w2) G(x3:X3; w1)G(XeXa;w2) G (X Xg; w — w1 + Wa),
YN (xxsw) = —(2;)217(X1X2;X3/X2/)/d(wl‘*’?)G(X3’X3;w1)G(X4'x2;w2) (100b)
X G(x2X4;w — w1 + w2) P (X3Xa; X4 X173 w1, w, wo — w1),
2P 1) = — gty [ dlwnn) Gl Gl xases) (1000)

X G(XoX4;w — wy + w2)PEP (X3X4; Xar X173 W, —wo + w1 — w,ws + w).

V. PROJECTION IN SPIN-ORBITAL BASIS
A. Link with common BSE kernels

The spin-orbital expressions for the reducible and irreducible vertices have already been reported in the main
manuscript. In addition, we provide a discussion on the relation between these expressions and the commonly used
BSE kernels.

The expression for the kernel of the eh-BSE given in the main text is

ireh = (pg||rs) — i@, + idPP (101)

pgrs pgsr pqrs*



Hence, the eh eigenvalue problem is
eh . : cHeh : /PP
Aia,jb = (Ea — ei)éabéij + lAaﬂb — I(Dajbi + lq)ajilﬁ
eh . s /eh : /PP
By = iAapij — 1oy + 1<I>abij,

while the effective interaction becomes

eh __ : . ipeh s HPP eh
MY =" [iApagi — 1050, +10PP ] X0
piqa

a
T Z [iAPiqa o iq);lilaq +1i% J Yaihn
at

If ®PP is set to zero, the kernel of the eigenvalue problem becomes

Meh M.eh7* +Meh7*Meh

ba,n"""ji,n

. . xeh e b, B
iAgjiv —1®g ;= (ajl|ib) + Z = Z]QT;h "y
n n
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(102a)
(102b)

(103)

(104)

and the usual first-order static GW kernel of the eh-BSE is recovered.® Alternatively, one can set ®°" = 0 to get

Mg, Mg MM Vb

iAgjiv + 1082, = (ajllib) + Y |- —eom_fm 4
m

In this case, the kernel is found to be equal to the first-order static pp T-matrix kernel of the eh-BSE.®
As shown in the main text, in a spin-orbital basis set, the pp irreducible kernel is given by

irggrs = <pQ||T5> + i(p;)}(;rs - iq)]eo}qlsra

which leads to the following eigenvalue problem
Csl?,cd = (ea + 6b)(sac(sbd + iAabcd + i@z}écd - i(I)Z}l;dc,
Bl ;= +ilavij + iq)z}l;ij - icDZ%ji?
DYy = —(ei + €))dindj + 1Ay +i®5 — 195,

and the effective interactions

ee _ : - Heh -Heh ee : . -Heh
Mpqm - § : [IAPW’? + 1(I)pqab B lq)qua] ab,m + E : [IAP‘IU + lquqij

a<b 1<J
hh __ : . s Heh s Heh hh . :Heh :
Mygm = § : [IAPQU + lq)pqij - I(I)qui] Xijﬂn + § : [IAPW‘? 1Py — 1P
1<J a<b

Once again, a sanity check can be performed by comparing the kernel

Meh Mehﬂ‘ +M.e}1’*M9h Meh Mehﬂ‘

Qee —in Qbbh 4 ip

. . xeh sxeh /- kin""ljn ik,n 2 gln li,n
Agjrr + 19555, — i@, = (i]|kl) — E Qe —in + §

with the static GW kernel of the pp-BSE reported in Ref. 4.
B. Self-energy

The matrix elements of the three components of the self-energy are

1

S (W) = =55 > (prllst) (stllrg) / A(wiws) G (1) G (w3) G (w — wn + w3),

2(2m)?

SE (w) = —ﬁ S rlst) [ alenen) Guson)Gor2)Gualo — w1 +wa) (@ )ty — 1),

rst

pg(w) = —2(2%)2 ; (pr||st) /d(wlwz) Gs(w1)Grp(W2)Gri(w — w1 + w2) (PE) strg (e + w)

(105)

(106)

(107a)
(107b)
(107¢)

(108a)

(108b)

(109)

(110a)
(110D)

(110c)
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) = g 2 rllst (ol [ dlrer) Gun)Go o )G+ ), (111a)
i
%50 = = Gy 2 rllsn) / A(w1w2) Gas (@1)Grr(w +w1)Grelw +w2) (2P )strg (w), (111D)
rst
i
Egg(w) = _2(27r)2 ; (pr|[st) /d(wlw2’) Gss(w1)Grr(wor — w)Git(wor — wl)@)gp)strq(w?’)a (111c)
they can be rearranged into
1
Egl) (LU) = _2(271_) Z <pT||8t> <3t||TQ> /de’ (LO)’I'SST(WQ’)Gtt(w +w2’), (112&)
rst
€. i e
Epg(w) == (27T) Z <p7“\|st> /dw2’ (LO)rssr(wQ/)Gtt(W + WQ/)((b h)strq(w2’)7 (112b)
rst
i
D) = 57 3 (rllst) | oy (IS () Grr i = ) (Bt ). (112¢)
rst
1. eh self-energy
The eh part is derived as
i
ZZZ(W) = _@ (pr||st) /dw? (Lo)rssr(war) Gt (w + W2’)(q)eh)strq (w2) (113)
i . 6ra55i . 6ri55a
= —4(27_‘_) <p7'||8t> /dww |f§ Wy — (Ea — € — 2i77) - 1% Wy — (Ei — €4+ Qin)
e eh,x eh,* ) re
« Z 52&]’ + Z 5tb i Z Ms}:l,ant,n +i Z Mr?,thqh,n
—wtwy — (6 +in) G wFwy — (e —in) — wy — (P —in) A wy — (=P +1in)

i 6ra(ssi 5ri55a
= t) [ dwo E -
(2m) {prs >/ w2 [ T War — (€a — € — 2in) g wyr — (€& — €q + 2in)

e h,* eh,* e
% 2 : 5tj _'_2 : 6tb 2 : MSTh,anet,n _2 : MT'?,L@Mtqh,n
—wy — (g —win)  Grwy — (e —w—in) | [T wr — (O —in) S wr — (-QF +in)

' h,*
= _; <p’l"||8t> /d(dgl _ Z 57‘1’65(1 6tb MSe’!}‘l,TLM;t,n
(2m) £ wyr — (€ — €a + 2in) wyr — (e — w — in) wy — (5P — in)
h,
+ Z 57“0.651’ 5@ M‘STI'I,nM;t:
ijan Y2 T (€a — € — 2in) wor — (¢ — w +in) wy — (AP — in)
Y et o,
iabn “2" T (€a — € — 2in) wyr — (ep — w — i) wor — (=" +in)
Ot MM,

(Sraési
B % wy — (€q — € — 2in) wyr — (&5 — w + 1) wor — (—QE" +in)
67"1'55(1 6tb Mehy*MEh

rs,n-""tqg,n

* Z wy — (€ — €q + 2in) wor — (& — w — in) wy — (=QEP +in)

M M

qgt.,n

_ Z 6ri65a 575] sr,n
wy — (€ — €q + 2in) wor — (€ — w +in) wor — (AP —in)

ijan
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e eh,*
= — Z <p7’||8t> 6Ti6€a5tb Mg}nlantm
2 e 2 (e — ) a2 (0
e eh,*
+ Z pr| |St> éraaszétj Ms?ant n
”an —w+in) — (€ — € — 2in) (6 —w +1n) — (A —in)
- (prl|st) Oradsidup MM,
S (O +in) — (€a — & — 2in) (-5 +1in) — (€ —w —in)
+ Z p7‘||st> 57a63i5tj MfE;Mth}tn
Wm €a — € — 2in) — (6j —w +1in) (€4 — & — 2in) — (—QP +in)
_ Z <pTHSt> 5riasa6tb Mﬁ?the;ln
L (e —w —in) — (& — €a +2in) (e —w —in) — (=Q5" +in)
1 eh,*
+ Z erSt 57"168@6153 Mg ant,n
zyan (€Z —€a T+ 2177) (Q%h - ) - ( € — W + 17’})
ch eh,*
- _ Z <pTHSb> 67'i5sa M91 Wqun
iabn W= (Ea teép— € — 3177) € — €q — Q%h + 317}
) (prl|54) radss Mgt Mg
ijan (61 t€ — €t 317)) —w ( — th + 2177) —w
{pr|sb) dradsi My MR
iabn 7Q$Lh — €q + € + 3177 W — (Gb —+ QEh — 211})
+ Z pTHS] 57“(1551 MSE;MJE;n
ijan (€ + €j — €q + 31n) € — €; + QP — 3in
s rlh o My Mg,
2= (eq + ey — € — 3in) — w (e + Q5P — 2in) —w
+ Z p?"‘ |S] 5r155a M;}}anejhi
ijan th — €+ € = 3inw — (EJ - th + 217])
. h h,*
— Z <p2\|ab> Mgz nM;b,n
iabn W = (ea + € — € — 3i77) €q — 61 Q(;Lh — ?)i’q
.. h h,*
S (pallig) Mg, M5
ijan & T (€ + €j — €q + 3in) w — (e; — Qe + 2in)
eh,* eh
+ Z <pa" |Zb> Mal n Mbq n
iabn €a =€+ QEh 3177 w = (Gb + th 217])
. . h,* h
+3 (pallij) M My,
ijan W= (Gi + €j — €a + 3177) €q — € + Q%h 377

(pil|ab)

M.ehv*Mch

ia,mn bg,n

_Zw—(ea—keb—ei—3i77)w—(eb+Q$Lh—2177)

iabn

(pillaj) oMo
+ . an,n”"qj,n i
Z 611 _67,+th —31770.}— (6] —Q%h+21fr))

ija



This finally yields
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Eeh(w) =
h,* .. h,*
Py - pa||m MisaMogn 5~ Gpalli) M M
b = O —inw = (¢ — QP +20n) Lot ea — €6 — QP —inw — (e + ¢ — €+ 3in)
.. h,* . . h,*
Py alliy) ain Mg 5 ille) M Mo
Lot €a— €t Qeh —Binw — (€ + € — €4 + 3in) bt €a— it Qeb — 3inw — (e; — Qe + 2in) (114)
. h,* h,
Y (pi[|ab) Mg Mgy, Z PZ||ab Mgy Mg,
L ea =€ — Qeh —inw — (e + QS — 2ip) € —Qeh —inw — (e, + €& — € — 3in)
h h, . h,
N Z (pi]|ab) Mg, Moy, . Z (pallib) Mg Mgy,
f-ea— 6+ + Qeh — 3inw — (e, + € — € — 3in) L ea— €+ Qeh — 3inw — (e, + Qe — 2in)’

This expression can rewritten in terms of intermediate quantities as

20 (w) =
h,* h h,* ..
+Z Z (pallij) M, mn qujn _Z Z M, TlM;JTL (pallij)
—€ — Qe —in Jw—(¢; — QP + 2in) A\ i Qeh — w— (€ +€j — €q + 3in)
eh,x
q3,n

ija n

eh,* e ..
i Z Z Mm‘,n Mj;n <pCLHZ]>
€a — € + QP —3in Jw— (¢ + ¢ — €, + 3in)

= QP+ 2in)

+Z Z <pz|\a]>M§l“’n
—\%G €a — € + QP —3in | w— (¢

eh * € eh,* .
+ Z Z <pl|‘ab> ia,mn sz?,n _ Z Z Mza anqn <pl||ab>
T~ \ 47 €a—€i— Qeh —in | w — (ep + QP — 2in) —\Sfa—€i— Qb —in Jw— (eq + € — € — 3in)
Mt My il ab (pallib) M. B
(T s e o S e
~ €a — € + QP —3in | w— (e, + € — €; — 3in) =\ o — a6+ Q5 =3 Jw— (ep + QP — 2in)
(115)
or, more compactly,
h eh,* ~reh ..
Eeh =4 Z I(j] n-"qjn + Z qu,ia <pa" |7’.]>
w — (e; — Qeh + 2in) W (€ + €j — €q + 3in)
e . (116)
+ Z M}SII;nMIi?n + Z Mql?za <pl| ‘a’b>
w — (ep + Qe — 2in) —~ w—(ea+ e — € — 3in)
with
y (pallij) M, (pil|aj) M,
Meh _ za n az n 11
pr.n ; €a — € — QP —1in * ; €q — € + QP — 3ip (117a)
_ Meh,* eh Meh Meh *
eh . ar,n Jgq,n a,n ql,m
Mosiia = Z €a— € + Qb —3in Z €q — € — AP — (117D)
i||ab) MM al|ib Meh*
Mpbnzz (pil|ab) ;lan. Z (palib) ai,n (117¢)
—q— 6 — UM —in =€ — € + Q5 — 3in
Meh eh,x Meh *Meh
M _ at,n"""qgbn - ia,n " bg,n 117d
bria ;ea—ei—i—Q%}‘—Sin ;QL—Q Qeh —ip ( )

Each intermediate tensor is computed in O(K%) operations, while, given the intermediate, the construction of the

self-energy matrix costs O(K?).
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2. pp self-energy

The pp part is derived as

i
DB w) = 5y rlst) [ iy Gl =) (KD ot ) OF trg ) (115)
i O )
_ + d ’ i ra
2(27‘(’) <p'f'||3 >/ Wy [; Wy — W — (61' +17]) + za: Wor — W — (eu — 17’])]
d '59 J 690 MfemM:e’;kn M?h;'rtMilhm
IZ tjUsk : _IZ tbUsc : _12 st, eeq,. +IZ st, hhq,.
W~ (€ + € + 2in) — wy — (€& + €. — 2in) — wy — (e —in) — wy — () + i)

i 57"1' 57“&
= - t d ’
2(27) <p7’||s>/ w2 Xi:wgz—(w—l—ei—i—in) Jrza:o.)g/—(w—i—ea—in)]
Mg MES: ME MR

6tj65k: 6tb630 st,m*rq,m st,;m*rqg,m
[%: wor — (& + € + 2in) %: war — (€ + €. — 2in) ; wor — (288 —in) ; wyr — (QBh +in)

= —ﬁ (pr||st>/dw2/

Z 57‘i 6tbésc Msete,meg:jn
o Wy — (w+ e +1n) wa — (€p + €. — 2in) wor — (Q —in)
+ Z (Sra §tj55k Mgte,mM:g:;@
et (W €q —in) war — (€5 + €k + 2in) wor — (28 — in)
hh,*
+ Z 51“(1 5tb6$(1 M@t,mM;Iqh,m
A wy = (W €q — in) wor — (& + €. — 2in) war — (QBP + i)
hh,x*
B Z 5ra 5tj65k Mst,mM?;m
S w2 — (W €q — 1n) wor — (€ + €5 + 2in) wor — (QBE + in)
hh,* h
n Z 57-1‘ 5tb5sc Mst,mM}}(},m
A= wy — (w6 +in) wy — (e + €0 — 2in) war — (Qbh 4 in)
+ Z 57‘1‘ 5tj65k Mgﬁmeqe7:1
Py wor — (W~ € +in) wy — (ej + €k + 2in) wor — (Q(;rcz —in)
. ee €e,*
— 1 _ Z <pZ||Cb> Mcb,mMiq,m
2 — (W€ +1in) — (ep + €c — 2in) (w + € + i) — (e — in)
(pallkj) M5 o Migim

+ : . . .
2 (€5 + ex +2in) — (w +€q — i) (& + € + 2in) — (28 —in)

ajkm

hh,*
+ Z <pa’||0b> Mcb7mMc£l(§1,m
A (b + i) — (w+ €a — in) (U + 1) — (e + €0 — 2in)
. hh,*

s (pall k) My Mt

ajkm (W + €q — 17]) - (Ej + €L + 2177) ((,L) —+ €q — 17’) — (Qlylnh + 177)
Y (pillch) M

A (e +ec — 2in) — (w+ € + 1) (e + e — 2in) — (A + in)

-y {pil k) M5 Mg
(Qee —in) — (w+ e +in) (2 —in) — (& + €, + 2in)

ijkm
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_ 1 Z (pil|cb) Mg M
2 ibcmw—(eb—|—ec—ei—3in)w—(Q$§— € — 2im)
-y (pal|kj) M5 m Magim
et (ej + €x — €q + 31n) €; + €, — Q2 + 3in
hh,x*
_ Z <pCL||Cb> Mcb mMc}Ll(?m
= w— (Qhh — ¢, + 2in) Qbh — ¢ — ¢, + 3ip
. hh,* hh
+ Z pa|‘k.]> Mkj mMaqm
e (€j + €x — €4 + 3in) w — (QBD — ¢, + 2in)
hh,*
+ Z pl||Cb> Mcb mM'L};hm
= w— (ep + €c — €; — 3in) € + €. — Qb — 3ip
n Z (pil|kj) Ml‘:j mMze; :
2 O O ek - 3
(119)
This finally yields
A
hh,* 3 rhh hh,* 3 rhh
+ 1 Z (pa||zg> Mzg mMaq, L Z pCLHZ] Ml] mMaq,
2Zjam O — € —¢; —inw — (AP — €, + 2in) ijam O — € —¢j —inw — (€6 + ¢ — €q + 3in)
. . ee ee,* hh,x* hh
+ 1 Z <paHZ.7> sz mMaq,m 1 Z <pa|‘bc> Mbc m*"aq,m
2 Qe —e; —ej —3inw — (e; + € — €4 + 3in) = e+ e — = Binw — () — €q + 2in) (120)
L1 3 (pi[|ab) Mg Mg 1 Z (pi]|ab) Mgy M
Qm €q + € — QC —inw— (Q — ¢ — 2in) 2mbm €t e —QC —inw— (e, + & — € — 3in)
. hh,* hh - ee,*
+ 1 Z <p2||ab> Mab mMiq,m 1 Z <pZ||jk> M]ez mqu m
ot — Qhh — 3inw — (eq + & — € — 3in) fort ee —¢j —ep — 3inw — (AL —¢; — 2in)’

This expression can rewritten in terms of intermediate quantities as

26 (W)
hh * hh,* hh ..
+ } Z <pa’||l-]> ij,m M(l;(?m _ 1 Z Mij,mMann <pa’||7’.7>
2 & ” Qbh — ¢, —¢; —in | w — (QBh — ¢, + 2in) Qia mQ%’—ei—ej—in w— (€ + € — €q + 3in)
1 Mee Mee* (pal|i7) 1 (pal|bc) M Mbh
4= Z Z ij,m*""aqm D J 4= Z be,m aq,m
2 = — Qe —ei—€; —3in Jw—(ei+e —€a+3in) 24\ 4= e+ — U —3in Jw— (Y — eq + 2in)
+ } Z <p7’| |ab> M;E m Mf(j:L _ 1 Z Z Msg lieqe;L <p2||a,b>
Qim — €at+ep— Q€ —in | w— (Q —¢; — 2in) 2mb — €qt € — Qee —in | w— (eq + €, — €; — 3in)
hh,x* . ee,*
N 1 Z M, mMz}th (pi||ab) n 1 Z Z (pilljk) My, ., Mig,m
2iab mea—l—eb—Q%‘—?)m w— (€q + € — € — 3in) 2m Qee —¢; — e —3in | w— (98 —¢; — 2in)’

(121)



or, more compactly,
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PP (o) = 4 = - My Mg 41 Z Mag.i; (pallig)
pa 24~ w— (A — € +2in) 2 < w — (€ + € — € + 3in)
v ee,* . (122)
+ 1 Z ;zc,m iq:m + 1 Z M;zab (pz||ab>
2 e~ w— (O — e — 2in) 2‘bw7(ea+ebfe¢f3in)
with
- allif) M albe) M
Mhélm <p || .7> 13,m + Z <p || > be,m (123&)
pa, = O —e—ej—in - 4~ e+ e — Q= 3in
ee ee,* hh,x 7 rhh
Mhb Z MZJ mMatL Z Mlj mMaq, (123b)
99,45 Qe —¢; —€; — 3in Qbh —e; —¢; —in
ree Z (pi||ab) Mc?g m Z (pil|5k) Mjelf m (123¢)
prom — €a e — 05— Qee —¢; — €, — 3in
hh,* 1 ce *
ree Z Mab mMz}qhm . Z Mab lie; (123d)
gi,ab — 6o+ e — U =3I L= eq + e — O — i

Regarding the computational cost of constructing the pp self-energy, the same conclusions apply as for the eh

contribution (see above).

3. Static self-energy

The static Hermitian self-energy used in the qsPA scheme is defined as

Eeh + Eeh PP | yPD
quPA 2(2) rq 5 qap Pq 5 ap . (124)
The second-order component reads
1 . Apaii + Dgaii s 2
2@ = 5 Z (pal|ji) (ji||qa) W[l e 1b(A,,w+Aqm])]
ija paij qaij (125)
1 . . A]mab + AquLb —s1p(A2, ,+AZ )
g 2 il (blla) g e [1 e S
iab ia qia
where Apgrs = €y + €4 — €, — €5. The static eh component is
A + A 2
Zeh =+ ZMehn eh: 127jn gj’ﬂ {1 _ e—s(A, qu")}
Pj qj, Amn ¥ qun
+ Z qujhm (pallij) 21;” = Agazj’ [1 — e_glb(APaU"'Aczzaw)}
paij T Aqaw
(126)

ija

Z ek pbn + Aqbn
pb n qu 2
Az + Aqbn

pbn
b+ quab
+ bia (pillab) 75”
%b: abiia A piab + Aqmb

[1 _ems(A, +A§bn):|

2 2
[1 _ e_sll>(Apiab+Aqiab):| ,

€+ QP and Appn, = €p — € — Q°h. The 7 regularization in the intermediates is also replaced by an

where Ay =€, —
energy-dependent regularization. For example, the first term in Eq. (117) becomes

Z <pa||i]> Mféln [1 _
€a — € — Sy

Qeh
a

efzsw(efeﬁnzﬂ ) (127)
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Finally, the static pp component is given by

YPP — ZMhh Mbh Apam + Bgam [1 _ e—slbmmwgm)}
pq pa,m=-""aq,m Agam + Agam
o Dpaii + Dgaij A2 A2
+3 Z qa ij pa’HZ]> 12772 |:1 — 6751}’( paij T qaw):|
ija APGU + Aqazj

(128)
ec  preex A;mm + Aqlm el (AZ 4 A2
T3 Z My, Migm Az A2 [1 — e (Bpim m)]

pim qim

A A
b3 NS (il ab) THEERAL ) o (S
piab

iab qiab

where Apgm = €, — €4 — Qﬂl and Ay, = €, — €; — 57, Once again, the 7 regularization in the intermediates is
replaced by an energy-dependent regularization.

VI. SPIN-ADAPTED PARQUET THEORY

This section presents a spin-adapted version of the equations necessary to implement the parquet approximation in
a spatial orbital basis.

A. Bethe-Salpeter equations

The eh-BSE for L and the pp-BSE for K have already been spin-adapted in Secs. II and III, respectively. Hence,
the spin-adaptation of the two BSEs for the full two-body vertex can be easily deduced.

1. Particle-particle vertices

For a pp vertex, the two incoming particles are labeled with indices 3 and 4, while the outgoing particles are labeled
1 and 2. Hence, I'P?(1424;3444) corresponds to the scattering of a S, = 1 triplet pair of electrons and is already

spin-adapted. The S, = 0 pairs of electrons, with spin 1| or |1, are not eigenfunctions of the spin operator 52, As a
consequence, in this basis, TP (142;344,) and I'PP(142,;3;44) are coupled. These two vertices can be spin-adapted by
introducing the singlet and triplet vertices

rs (I‘tll‘tg; I‘t31‘t4) =
Ft (I‘tlrtg; I‘t3[‘t4) =

PP (1425 3¢4)) — TPP(1425 3, 4¢), (129a)

r
LPP(142);3¢4y) + TPP(142)53,44), (129b)

which correspond to scattering of S, = 0 pairs of electrons with total spin S = 0 for the singlet and S = 1 for the
triplet. In terms of these spin-adapted vertices, the pp-BSE becomes

. 1
F3(rtyrte; rtsrty) = [°(vtgrta; rigrty) — §Fs(rt1rt2; rt1rte )G(rtyrty )G(rtyrty ) F® (rtg vty ; vtsrty), (130a)

1
F(rtirty;rigrty) = I (vt rte; rigrty) — §Ft (rtirte; iy rte )G(rt vtz )G rtorty ) (vt3rty; vizrty). (130b)

These two spin-adapted vertices are referred to as the singlet I'S and triplet I'* vertices, respectively.

Once the Dyson equations above are expanded, this leads to the following expressions for the spin-adapted reducible
vertices

1
P° (I‘tl I‘tQ; rt3rt4) = — ifs(rtlrtg; I‘tll I‘tg/ )KS (I‘tll I'tgl y I‘tgl I‘t4/ )FS (I‘t3/ I‘t4/; I‘th't4), (131&)

1
(I)t (I‘tl I‘tz; rt3rt4) = — §Ft (I‘tl I‘tQ; I‘tll I't2/ )Kt (I‘t1/ I‘tgl ; I‘t3/ I't4/ )Ft (I‘tgl I't4/ N rt3rt4). (131b)
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These expressions have the same time-dependence as their non-spin-adapted version, and their Fourier transform is
easily deduced

1
Op(rire;rary;w) = —51“%(1'11@; riroyw = 0)Kp(ryro;ryry; w)lp(rary;rarg;w = 0), (132a)
(I)‘i:, (1‘11‘2; rsry; w) = —51“{3 (r1r2; ry/ro,w = O)Klt:) (1‘1/1‘2/; rs/rys; w)r% (r3/r4/; rsry,w = O) (132b)

Here, the singlet and triplet irreducible vertices have been assumed to be static by analogy with the static kernel
approximation discussed in the main text. Finally, once projected in the spatial orbital basis set, they are given by

(PB)pgrs (w) = Z(ir%)pqtu(Kls))ﬁ(w)(ir%)vwrm (133a)

t<u
v<w

(Pb)pgrs(w) = Z(iF%)pqtu(Klg)m(w)(ir%)vwrs- (133b)

t<u
v<w

2. Electron-hole vertices

For an eh vertex, the incoming electron and hole have indices 2 and 4, respectively. The corresponding outgoing
particles have indices 3 and 1. The eh pair with spin S, = —1 is |1 and the corresponding vertex F% 1+ is already
spin-adapted and decoupled from other vertices. On the other hand, the two remaining spin components Fj4+44 and
F4 4, are coupled. They correspond to the scattering of a S, = 0 eh pair and can be spin-adapted through

DM (rtyrto; rtarty) = T (14245 3144) + TP (1425344, ), (134a)
TP (rtyrto; rtgrty) = TP (1424; 3144) — T (1423 3+4)), (134b)

leading to two decoupled BSE

Fd(rtlrtg; risrty) = Fd(rtlrtg; risriy)

+ Fd(l‘tll‘tgl; rtgrtll)G’(rtl/ruy)G(rtg/rtgl)Fd(rt4/rt2; rtorty),
F™ (rtyrto;rtsrty) = I (rtyrte; rtsrty)

+ I (rtqrts; rtarty )G (rty vty )G(rtgrts ) F ™ (rty rie; viorty).

(135a)
(135b)

These two spin-adapted vertices are referred to as the density I'? and magnetic I'™ vertices, respectively.
Once the Dyson equations above are expanded, this leads to the following expressions of the spin-adapted reducible
vertices

@d(rtlrtg; rigrty) = Fd(rt1 rts; rt3rt1/)Ld(rt1/rt2/; rt3/rt4/)Fd(rt4/rt2; rtorty), (136a)
O™ (rtyrto; risrty) = U™ (rtyrts ; rtarty ) L™ (vtyvte; vtgrty )T (rtyrte; vtgirty). (136b)

These expressions have the same time-dependence as their non-spin-adapted version, and their Fourier transform is
easily deduced

P (x1x0; X3x4; w) = D' (x1x3/; X3X1 3w = 0) LY (x1/X0; X3 x5 w) T (x4 X3 X0 Xy w = 0), (137a)

D™ (x1X9; XgXg;w) = I (x1X3/;x3X1/ 5w = 0) L™ (X1 X2/ ; X3 Xgr; w) T (X X5 XorXg; w = 0). (137b)

Here, the density and magnetic irreducible vertices have been assumed to be static by analogy with the static kernel
approximation discussed in the main text. Finally, once projected in the spatial orbital basis set, they are given by

(@Dpgrs (@) = = D (Tpure) (L ruvn (@) (T gus) (138a)
(@™)pgrs(w) = — Z (irgi;rt)(Lm)tuvw(w)(irg;lqus)- (138b)

tuvw
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The aim of this section is to express the spin-adapted irreducible vertices I'Y, ™, 'S and I'* in terms of the reducible

ones.

1. Density channel

The density irreducible vertex is spin-adapted as

Fd(rtlrtg; rigriy) — Ad (rtirto;rigriy)

= O (14243 3p4y) + D (152,5344;) + OPP(1424; 344y) + DPP(142y3 344,

= — 0N (14245 4434) — @ (142454134) + PP (141245 3p4p) + @PP(142);314y)

= @M (14245 4434) — O™ (vt rto; vtarty) + B (vt rts; TEsrty) + BPP(142);344))

1 3 3 1
—§<I)d(rt1rt2; rt4rt3) — §<I>m(rt1rt2; I‘t4I't3) + §<I>t(rt1rt2; I't31‘t4) + iés(rtlrtgg I‘t31‘t4),

and its static limit in a spatial-orbital basis set reads

1 3. 1. 3
ngrs =2 (pq|7"s> - <pq|5rr> - 5@2(137" - §q)pqsr + iq)pqrs + §q);q7"s'

2. Magnetic channel

The magnetic irreducible vertex is spin-adapted as

™ (rtirtg; rigrty) — Ay (vtirte; rtsrty)

O (14243 344y) — D (142,5344)) + PP (14245 344p) — DPP(142y; 344y

= =0 (14243 4434) + @1 (14205 4,37) + PPP (14245 344y) — PPP(142,:344y)
—®N (14245 4434) + O™ (vtyrta; vHarts) + B (vtyrte; vizrty) — OPP(142);344))

1 1 1 1
= —§<I)d(rt1rt2; risrts) + §<I>m(rt1rt2; rtyrts) + §<I>t(rt1rt2; risrty) — §<I>S(rt1rt2; rtgrty),

and its static limit in a spatial-orbital basis set reads

m 1 d 1 m 1 s 1 t
qurs = - <pq|87“> - §q)pqsr + §(I)pqsr - §(I)pqrs + 5 pqrs*

3. Singlet channel

The singlet irreducible vertex is spin-adapted as

5(rtirte; rtsrty) — As(rtiria; risrty)

= @ (142);3p4)) — B (152,;8,41) + D (142)5344)) — (1423 3,4y)

= PN (14243 3¢4y) — D (142);3,41) — (14205 4134) + O (15243443,)

= ®N(142;344)) — O™ (vtyrte; rizrty) — O™ (vtyrle; vtsrts) + O (142);443))

1 3 3 1
— i@d(rtlrtg; risrty) — §<I>m(rt1rt2; risrty) — §<I>m(rt1rt2;rt4rt3) + §<I>d(rt1rt2; riarts),

and its static limit in a spatial-orbital basis set reads

n 1 3 . 1 3 .
qurs = <pQ|rS> + <pq‘87’> + g@gqrs - §¢pqrs + i@gqsr - §(I>pqsr'

(139)

(140)

(141)

(142)

(143)

(144)
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4. Triplet channel

The triplet irreducible vertex is spin-adapted as

[ (rtyrto; rtsrty) — Ay (rtirty; risrty)

= @M (142433p4)) + B (152,;3,4) + D (142)5314)) + (14243 3,47)

= O (1423 3¢4y) + D (142);3,44) — @1 (142454434) — (14243 443,) (145)
= <I>eh(1T2¢; 344)) + @ (rtqrte; vigrty) — @ (rtqrte; rigrts) — <I>eh(1T2¢; 443))

1 1 1 1
= §tI>d(rt1rt2; rigrty) + §<I>m(rt1rt2; rigriy) — §<I>m(rt1rt2;rt4rt3) — §¢d(rt1rt2; riarts),

and its static limit in a spatial-orbital basis set reads

m 1 1 m 1 1 m
qurs = <pq|’f‘8> - <pQ‘8r> + §q)2qrs + §(I)pqrs - iq)gqsr - i(bpqsr' (146)

C. Self-energy

It has been shown in the main manuscript that the correlation part of the self-energy can be expressed in terms of
d°M and ®PP. The aim of this section is to express Y. in terms of the spin-adapted reducible vertices &4, ™, ®° and
ot

1. eh self-energy

The spin-adaptation of the eh contribution reads

Eeh(lT]-{r) —i Z /D(]-T2U2; 30, 2 )G(3;3/3U3)G(4;4/ 202)G(2;2/404)q>eh (303404; 4la4/ 1%)

T3/ “0q/
020304
Oo10310 4

—i Z @(1T202;3/ 2/ )G(I‘tgfl‘tg)G(I‘t4/I‘tg)G(I‘tzlrt4)(I)eh(3(,34g4;4;,21%>

03704

020304
= =1 Y 0(1124,; 3, 24) G (rtarts)G(rtyrty)Grtyrts) 2 (35,44; 47, 14)
0203

1) 0(1420,33,,2))G(rtarts)G(rtarty)G(rty vty D (35,454, 1)

023 Y03
0203

—i0(1424; 3124) G (vt rts) G (rtarts) G (rtarty) D" (3144 44 14) (147)
— i@(lTQU 312%)G(rt31rt3)G(rt4/ rtg)G(rtglrt4)<I>eh(3¢4¢; 411%)
— i0(142; 332] )G (rtyrts) G (rtyrts) G rtorty) 2" (314,41 14)

—%T}(I‘tl I‘tQ; rts I‘tgl)G(I‘t;g/ I‘lf3)G(I‘t4/I‘t2)G(I‘t2/ I‘t4) [(I)d (I‘t31‘t4; rty I‘tlf) + (bm(rtgrt4; I‘t4/ I‘tl/)}

+ %v(rtlrtgg rto vty )G(rts rts)G(rtyrts) G(rtorty) [@d(rtgrm; rtyrty) — OV (rtgrty; vty rtlx)]
- iv(rtlrtg; I‘tgl I‘tQ/ )G(I‘tgl I‘tg)G(I‘t4/ I‘tQ)G(I‘tQ/I‘t4)(I>m (I‘tg[‘t4; I‘t4/ I‘tll)
= Ed(rtlrtll) + Em(rtlrtll).

The density and magnetic components of the self-energy are defined as
Ed(rtlrtl/) = —% [v(rtirta; rEgrta) — 20(rt rta; rigrts )] G(I‘L‘g/I‘t3)G(I‘t4/I‘tg)G(rtle't4)(I)d(I't3rt4; rigrtys), (148a)
3
Zm(rtlrtl/) = 7§1U(I‘t1rt2; I‘t3/I‘t2/)G(I‘tglI‘tg)G(I‘t;yrtg)G(I‘tQ/I't4)(I)m (I‘th‘t4; rt4/rt1/). (148b)

It can be shown similarly that E‘Sh(lTli) is zero.



27
2. pp self-energy

The spin-adaptation of the pp contribution reads
i

EPP(141h) = =5 Y 0(1426433,,2,)G(3,,,30,) G (4], 20,) G (25, 40,) PP (30, 4o 47, 1))

045 Tyl
020304
01031041

i _
b > (14205535, 2,,)G(rtyrts)G(rtyrty)G(rtyrty) PP (34,4,,5 45, 14)

020304

:_,Z (1420, 3,24 )G(rty rt3)G(rtrts) G (vt vty )OPP(3,,44: 41 14)

i _
- 5 Z U(1T202;3/0321)G(I‘t3/I'tg)G(I‘t4/I‘tz)G(I‘tQII‘b;)(Ppp(3034“4;2 1%)

- ;17(1T2T; 3125) G (rtart3)G(rtyrty)G(rtarty) OPP(3444; 4415) (149)
(14245 3] 24)G(rtart3) G (rtarty)G(rtyrt, ) OPP (3 4454 15)

17(1¢2L, 342))G(rtyrts)G(rtyrty)G(rtort,)PPP (344, ;41 14)
D(rtirte; rtzrty )G (rtarts)G(rtyrts)G (vt rty) O (vtsrty; TEyTty))

+ (I‘tl I‘tg; riorts )G(I‘tgl I‘t3)G(I‘t4/ I‘tQ)G(I‘tQII‘t4) [(I)t (I‘t31‘t4; rty I‘tlf) + P° (I‘tgl‘t4; iy I‘tll)]

»—-»Jk\»—“w\.—-w\'—'l\.’)\'—'[\g —

- = (I‘tlrtg; I‘tgll‘tg/)G(I‘tglI‘t3)G(I‘t4/I't2)G(I't2/I‘t4) [@t (I‘tgl‘t4; I‘t4rI’t1/) — PF (I‘tgrt4; I‘t4/I't1/)]

,4;

Zs(rtlrtl/) + >t (rtlrtl/)

The singlet and triplet components of the self-energy are defined as
Y3 (rtyrty ) = —i—i [v(rtirte; rEgrte ) + v(rEirts; rigrts )] G(rtgrts)G(rtyrie)G(rta rty) D% (rtsrty; vty vty ),  (150a)

3
Y (rtirty) = _Zl [v(rtirte; Ttyrty ) — v(rt Tty; TtoTty )] G(rtsrt3)G (rtyrts)G(rterty) @Y (rtarty; vtgrtys).  (150b)

It can be shown similarly that ¥PP(141)) is zero.

3. Fourier transform

We can easily deduce the Fourier transform of the spin-adapted self-energy using the results of the spin-orbital
section

Ed(rlrlz UJ [ I'11‘27I'3/I‘21 - 2’()(1‘11‘2,1‘2/1’3/)
(151a)
/d wiws) G(r3r3;w1 ) G(raXa; we)G(raTa;w — wy + wa) @ (rary; Tarryswo — W),
m 3i
b)) (1'11'1/ ) = —2(271_)2 U(P1P2;P3/r21>
(151b)
/d(wlwg) G(ryrs;w1)G(rare;wr)G(rary; w — wy + we) P (rary; rary;we — wy),
1
¥ (riry;w) = TOISE lv(rlrg;rgfrgz) + 1}(1’11‘2;1’211‘3/)]
(151c)

/d(wlwg) G(I‘3II’3; wl)G(r4/r2; (,L}Q)G(I‘Q/I'4; w—wp + WQ)(I)% (1'31‘4; ryry;wy + w),



Yi(riry;w) = _4(277)2 [v(rlrg;rg/rgz) —v(rira;rors)

/d(wlwg) G(r3rs3;w1)G(ryro;we)G(raTy; w — wi + we)Ph(rary; rary; wo + w).

4. Self-energy expressions
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(151d)

The above integrals can be computed analytically in a similar way to the spin-orbital ones. The expression of the

density part of the self-energy in a spatial orbital basis is

Sg(w) =
d,* .. .. d,*
L1 Z palw - 2 palm) Mg My 1 3 ({palij) — 2 (palji)) M, o My,
”an —6—Q —in w—(¢ - +2in) 2 L €a € Qd —in w—(e; +€¢ —eq + 3in)
d,* d O . g . d d,*
L1 Z ({palij) — 2 {palji)) My Mg 1 Z ((pilag) — 2 (pilja))  MainMyjy
€a — €+ Q% —3in w— (¢ + ¢ — e, + 3in) 2ijan €a — €+ Q, — 3in w— (e — QL + 2in)
. . d,* . . d,*
L1 ({pilab) — 2 (pilba)) MMy, 1 3 ((pilab) — 2 (pi|ba)) My Mg
2 &~ €a — 6 — Q4 —in w— (& + Q4 — 2in) 2 & ca—€ — Q4 —in w— (e, + e — € — 3in)
. . d d,* . . d,*
L1 ((pilab) — 2 (pi|ba)) Mg Mg 1 3 ((palib) — 2 (palbi)) M7 My, '
2mbn €a — €+ Q4 —3in w— (e, + € — €; — 3in) — €a — € + Qy — 3in w— (e + Q4 — 2in)

The expression of the magnetic part of the self-energy in a spatial orbital basis is

Zl’l’l (w) —
+ 2 Z pCL‘Zj MﬁzlnM;;:L o § Z <pa|1]> MzrgnM;;;kL
” < €q — € — —inw— (5 — Q™ + 2in) Qijan%—éi—Q?—iUW—(Q-FG]—6a+3i77)
+2 Z (palij) Mg, :qun 3 Z (pilaj) Mg nM;I;*
” “ €q — €+ Q) = 3inw — (& + € — €4 + 3in) 2jnﬁa—€¢+9n—3i77W—(€g—9214-2177)
L3 Z pllab Mg My, 3 Z (pilab) MR ME
mnea—eZ —inw — (e + Q2 — 2in) 2, ea—ei—Qg‘—inw—(ea+eb—ei—3in)
+ Z pZ|CLb MgnM;;’: Z pa|zb M:;::;Mgg n
Zb €a — €+ QM — 3inw — (e, + € — €; — 3in) — €a — €+ Qy — 3inw — (e + Q2 — 2in)’

The expression of the singlet part of the self-energy in a spatial orbital basis is

Yo (w) =
. . hh,s,* 5 rhh,s . . hh,s,* 3 rhh,s
1 T ((paljk) + (palkj))  Mjn Magm 41 > ({paljk) + (palkj)) Mo Magm
4 L S — e — e —ipw — (U — e +2in) 4 S O — ¢ — e —inw — (€ + e — €+ 3in)
. . ee,s ee,s,* hh,s,* s
_ 1 (<pa|Jk> <pa|kj>) M]k 7rLMﬂq7 1 Z (<pa'|bc> + <pa|Cb>) Mbc m Mllll;
ajkaeeS—fj—Ek—?)”?W—(ﬁg + € — €q + 3in) 4abcmeb+ec—Qﬂl’s—3i w— (B — €, + 2in)
_ I 3 ({pilbe) + (pileb))  MyerMig 1 Z ((pilbe) + (pilcb)) My Mg
o €0 tee = Q™ —inw— (" —e —2in) 4 £ e +ec — Q" —inw (6 + e — e — 3in)
. . hh,s,* hh,s . . . ee,s ee,s,*
1 3 ((pilbe) + (pilcb)) My Mg 2, 1 3 ((piljk) + (pilks))  MjmMigm
ibecm 6b+60792@h’5731nw7(Eb+607€i73i77) 4 Qi(:;’S7€j761672177‘*}*(9677?5*61*2177).

ijkm

(152)

(153)

(154)
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The expression of the triplet part of the self-energy in a spatial orbital basis is (TODO: WRONG SIGN IN COULOMB)

Sy (w) =
, hh,t,* 3 rhh . hh,t,* 3 rhh
43 5 ((paljk) + (palkj))  Mjen Magm 3 <~ ((paljk) + (palkj)) M Magm
4 ajhm ot — e —ek—inw—(Q%{‘t—ea—&—an 4 ajhm tht—e — e —inw — (¢ + € — € + 3in)
. Mee ,t MCC Mhh,t *Mhh t
43 3 ({paljk) + (palkj)) ikym Magm 3 Z ({palbe) + (palcb)) beym Magm
4 forrml Qeet —¢j—ep —3inw — (65 + ek —€ea +3in) 4 eyt € — Qhb.t —3inw — (Q%lt — € +2in)  (155)
. . ee,t ee,t,x . . ee,t ee,t,*
L3 ((pilbe) + (pileb)) — Myom, Mo 3 3 ({pilbc) + (pilcb)) My Mg
4 o= e+ ec — Uont —inw — (A" — ¢ — 2in) 4 e~ ey +e. — Q8 —ipw — (€ + €. — € — 3in)

hh,t,* 5 rhh,t .. . ee,t ee,t,*
Mycn Migm 3 > ((piljk) + (pilks)) M Migom

4 Q' — e — e — 2w — (Qer,abe’t — € — 2in)

L3y i)+ o)

zbcm €+ €c — th ' 317’ W= (eb tee—6— 3177) ijkm
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