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This document provides additional information to the accompanying manuscript. The first section follows the outline of Section
II of the main document but with more details in the derivation. The second section shows how to compute the matrix elements
needed for a GW calculation. For more details, we refer the reader to Ref. 1-3 and the references therein.
We adopt the following notations:
e rrepresents spatial variables, while x represents space-spin variables.

e The integers 1,1’,2,2’,... are shortcut notations. For example, we have 1 = (x,;) where ¢, is a time variable and
x| = (0, r}) is a composite spin-space variable.

e The symbols p, g, r, s refer to arbitrary spin-orbitals, while 7, j indicate occupied spin-orbitals, and a, b denote virtual spin-
orbitals.

l. GW in theory

The GW method aims to provide a detailed description of the electronic structure and spectral properties of materials by
utilizing the one-body Green’s function, which is defined as

G(11) = (i) (\P{)V

Tamdtan]ey). (1)

where ‘I’f)v is the exact N-electron ground state and 7" is the time-ordering operator
T3 § ()] = 0 = 1) G I (") = Ot — 1) §T (1) (D). )

Here, @ is the Heaviside function, while (1) and ¢(1") represent second-quantized annihilation and creation field operators in
the Heisenberg picture, respectively. These operators are defined as follows
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where ¢(x) and ¢(x) are field operators in the Schrodinger picture. They are responsible for, respectively, annihilating and
creating a particle with spin o and position r. Here H is the Hamiltonian

N ~ ~ 1 e ~ o o
H = fd(xlxl’) o' (x1) h(xix1) P(x ) + 3 ffd(X1X2X1/X2/) O (x0) & (%) V(X1 X5 X1 X0 ) Y% ) Y(X10), 4)
where the four-point Coulomb interaction is defined as
V(X1X2; X/ Xy ) = 0(X| — Xy7) O(x — X21). )
[ ST o)

Because the Hamiltonian is time-independent, G(11’) depends only on the time difference #; — ¢#;-. Inserting the resolution of the
identity obtained from the complete spectrum of the (N + 1)-electron systems

DTNy = 1, DY =1, (©6)
S S

(where I is the identity operator) between the field operators, and then performing the Fourier transform of the one-body Green’s
leads to its well-known Lehman representation

G(x1Xy;w) = lim
n—0* 3

[ Ts(x)) Ig(x1) As (x1) Ay (x17) . ™
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where 7 is a positive infinitesimal, £} is the ground state energy of the N-electron system, £y *! and EY " are the excited state
energy of the (N = 1)-electron systems, respectively. The numerators are defined as follows

Isx) = (¥ ooy, As(x) = (¥ peo|w§™), ®)

and are commonly referred to as the Lehmann amplitudes or Dyson orbitals. The exact expression for G as given in Eq. (7) can be
approximated within the framework of the quasiparticle picture, resulting in the following representation

G(X1X1/;w) — Z ‘pl(xl)‘pl (Xl’ Z ‘;Oa(X])QDZ(XIr). (9)

w-—€— w—€ +1in

l
In this context, ¢, signifies a complete set of one-electron functions describing quasiparticles, while €, designates the corresponding
quasiparticle energies.
A. Equation of motion for the one-body Green’s function

The success of the GW approximation, as well as other Green’s function-based approximations, arises from the ability to
compute sufficiently accurate approximations of G without the need for explicit reference to the wave function |‘I’6V ) This is

achieved thanks to a closed set of equations for G. The derivation of this set commences with an examination of the equation of
motion (EOM) for the one-body Green’s function. As an initial step toward its formulation, we must derive the EOM for the field
operator

0 ( e—iﬁll )

ot

apy A dexne ™) o) L
pra ar, =~ U(x1)e +e"M(xy)
= A1) - (DA = -i[(1), A).

It can be easily demonstrated that this commutator is expressed as

[l&(x),ﬁ]:fdxl’h(xxl’)l&(xl')"'fdxzdxl’dXT v(xx; X1 X2) Y (%) Px) (x1).

We are now ready to derive the EOM for the one-body Green’s function

iaca(tllw _ 6% (00— 1) (5 Ny - ot — ) (¥ i)
= o( —fl’)< 0>+5(t1/ _tl)< 0 / >
+0(1 —l‘1')<lPN| ¢(1) > O _t1)< y'a )aw(])|\PN>

= o(n - n,)(wwfaw(l )+ ANy )
+ 0 — 1) (Vo (=i[ @0, A]) BT ) - O — 1) (¥ [0 (1) (=i g, A )| i)

=6<11’)—i[®(n - 1) (WY f dxsh(axs)Oat)E (1[¥Y) = O — ) (¥ 67 (1) f dX3h<XIX3>$<xm>|\PON)]

)

+i0(ty - 1) (¥ W(l’)[ f dxodx3dxy V(X X2 nm)ﬁ(ml>$<Xz/r1>$(xm>]|w’ov )

-0 - 1) (%) |[ f dxdx3dxy V(X X2 xm)s@*(xm)@(xm)@(xm)}@*

=0(1 1/) + de3 h(x1x3) G(x314, ],) -1 dede3dX2/ V(X1Xp; X3X0/)

0) = O — 1) (W97 () ot )t x| )]

@1 — 1) (W9 ot )1 (331057
:6(11’)+fd3h(13)G(31’)—ifdxde3dX2rv(x1xz;X3xz/)

[Ot1 = 1) (2| (xat1 )11 )ik (1Y) = Ot — 1) (B [ (10T (xat W13 ),

where h(12) = 6(¢; — 1) h(x1X) and the element di = dx;ds; represents integration over both time and space. At this point, it is
natural to try to use the two latter terms to form the two-body Green’s function G, which is defined as

G2(12; 1) = (=) (W [P 0)- (10)
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To achieve this, a time-ordering operator is required. However, since three field operators share the same time, the time-ordering
operator cannot be unambiguously defined. To overcome this issue, a workaround involves introducing a small time shift using a
positive infinitesimal n (¢#;+ = ¢t; + 1, t;+ = t; + 277, and so on), as follows

-1 f d(x2X3X2) V(X1 X2; X3X27)

x lim |00 = 1) (¥5 i Gan- W ka0l (D) = Ot = ) (¥ 07 (1097 om0 n )b a5 )|

= —i f dxaxs3%) V(X133 X5%2) lim (93 |T197 om0 n)beamd (1)

= +i f dxaX2) V(X1 Xo3 X% limy (W [T xat xRt (1] )

= —ifd(xzxﬁiz’)V(Xlxz;1‘13?(2')7711{(1)1+ Go(X3t1 Xy ty+; Xt Xpty++)

= _iqli»ron+ fd(X2X3X2') fd(tztztzl) V(X1X2;X3X2) 6(f2 — 11) 6(t2r — 11) 6(83 — 11) G2 (X313X0 by s Xy 1/ Xo v+ )
= —i lim f d(232)) (12532 Go (32" 172+,

The instantaneous Coulomb interaction is defined as follows
v(12;1'2") = v(X1 X2 X1 X0/ ) 6(t) — 12) 8(t) — 11/) 5(tp — 1)

ot —t 11
=6(11") o~ 1) 5(22). (an
Iry — 1ol
The EOM of G becomes
0
fd3[i6(13)a—t - h(l3)} G31) + lirg ifd(232') v(12;32") G(32'F;1'2%) = 6(11). (12)
3 Unsl
From now on, we omit the symbol lim,,_¢-+.
B. The self-energy
The non-interacting one-body Green’s function is defined as
0 0
fd3 i6(13)=— — h(13)|Go(31") = 6(11") & |i6(13)=— — h(13)| = G,'(13) (13)
ot ot
and its inverse can be identified in the EOM (12). Therefore, if we multiply by G(71) and integrate over 1, we obtain
fd3G51(13)G(31’) +ifd(232’) v(12;32") G,(32'*;172*%) = 6(11")
= fd(13) G0(71)G61(13)G(31’)+ifd(1232’) Go(71)v(12;32")G,(32"%;1'2%%) = fdl Go(71)6(11")
= G(1)=Go(11l") -1 fd(232’5) Go(15)v(52;32) Go(32"*;1'2%%)
= G(1)=Gy(11") + fd(57) Go(15) [—ifd(232’6) v(52;32")G»(32'*; 62*") G‘1(67)} G(71").
This equation can be written as the famous Dyson equation,
G(11") = Go(11") + fd(23) Go(12) 2(23) G(31"). (14)
The total self-energy, encompassing the Hartree-exchange-correlation components, is defined as
211 = —ifd(232’3’) v(12:3'2)) G»(3'27; 3271 G (31"). (15)

By multiplying Eq. (14) to the right by G~! and to the left by G;!, integrating and relabeling, it is possible to recast it in the
equivalent inverse form

G'(11) = G;' (A1) = £(11"). (16)

S3



C. Closed-set equations in terms of the Coulomb potential
The next step is to express the self-energy in terms of G and the crucial element to do so is the Schwinger relation
0G(11";[U])

SU@2) |y, = ~G2U1E12)+GUINGED). .

where G(11’; [U]) is the one-body Green’s function in presence of an external potential. It is obtained using Eq. (1) as well but
with this additional term in the Hamiltonian

U= f dxdxo 3T (2)HUQ22)0(2) with U2'2) = Oty — L)U(rara;ty — 1o). (18)

The Schwinger relation allows to express G, in terms of the one-body Green’s function and its derivative with respect to an
external potential U. For the sake of conciseness, we will omit the explicit dependence on the potential U in G and we emphasize
that all quantities are evaluated at U = 0.

The self-energy can now be expressed in terms of G and its derivative as

. 0G(3'3) -1
(117 = —i | d(2234) v(12;3'2’ ! 27y - —————— I
ar) lf( 34) v(12;3 )[6(3 3)G( ) SUE25) G @31
. . 0G@3'3)
=—i | d(22') v(12;1'2")G(2'2* d(22'33") v(12;3'2") ——— ).
i [ a2y vz e i [ e vy e e
The first term reduces to the usual Hartree self-energy
Zu(117) = vu(11")
= —ifd(22') v(12;12")G(2'2%) (19)

= —ifd(Xzer) V(X1X2; X1/ Xy ) G(X2 X2 —17).

Therefore, the remaining term encapsulates all the exchange-correlation effects and the self-energy can be rewritten as £(11’) =
2u(117) + 24 (117). The latter term of the self-energy can be further developed using the following relationship

0G(3'3) f ... 0G71(56)

————— =— | d(56) G(3'5) ————- G(63). 20

oU2*2") (56) G( )5U(2+2’) (63) (20)
derived from the definition of the inverse one-body Green’s function. This results in

6G71(56)

SUQ2+2") a(61’)

S (11) = —ifd(22'356) v(12;3'2")G(3'5)
= ifd(22’33’) v(12;32")G(33")T(3'2";1'2%),

where we have introduced the vertex function
6G~1(11")
sU22)

The final step to obtain a closed set of equations is to derive the Dyson equation for the vertex function using the Dyson
equation for G in presence of an external potential

r(2;1'2) = 21

G'(11) =G,'(1) - Uu1) - X1, (22)

which gives

_sU(11) . 52(117)
T sUQR2)  sUQ22)

=6(12’)5(1’2)+fd(33’)

r(12;12)

SX(117) 6G(33")
6G(33') sU(2'2)
sX(117)
6G(33)

6G1(44")
sU(272)

=6(12)6(1'2) — f d(33) d(44’) G(34) G@4'3)

=6(12)6(1'2) + fd(33’44') E(13";1'3) G(34) G(4'3")T'(42; 472",
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where we have introduced the kernel function
0x(117)
6G(2'2)

E(12;172') =

In summary, the closed set of equations that determine G can be expressed as follows
G(11") = Go(11") + Go(12) 2(22") G(2'1"),

2(11’):ZH(ll’)+ifd(22'33’) v(12;32') G(33")T(3'2/; 12),
r(12;1'2)) = 6(12')6(1'2) + f d(33'44’) E(13'; I3) G(34) G(4'3) T(42; 4'2").

D. Closed-set equations in terms of the screened Coulomb potential: Hedin’s equations

(23)

(24a)

(24b)

(24c)

The set derived in the previous section leads to an expansion of the self-energy order by order with respect to the Coulomb
interaction v. Unfortunately, despite being a natural way to build the self-energy, this expansion converges slowly. An alternative
set of self-consistent equations, referred to as Hedin’s equations, can be derived in a similar manner and yields a closed set of
equations in terms of the screened Coulomb potential W instead of v. The expansion of the self-energy in terms of W converges
much faster. Hence, this set of equations has been much more successful than the one above. The main idea behind the derivation
of Hedin’s equation is to use the chain rule with respect to the total classical potential, defined as the sum of the external and
Hartree potentials, vy ex(117) = Zg(11’) + U(11”), instead of the sole external potential. The self-energy can be rewritten as

Y(117) = Tp(117) + Te(117), with
§G1(3'1")
SUQ2+2")
G (3'1") Vien(d'4)
Ve @) SU(2V2)

Te(11) = —i f d(22'33") v(12;32') G(33")

=i f d(22/33'44) v(12;32') G(33)

=i f d(22/33/44) v(12;32) GB33) T(3'4; 4y e\ (472342,

where
. sGT'(11
[(12;1'2) = oG~ ary
OVHext(2'2)
is irreducible four-point vertex and
B Oy ext(117)
1 1A’ H,ext
12,12y = ———
€ )= SSue)

is the inverse dielectric matrix. Upon introduction of the four-point screened interaction
w(12;1'2") = fd(33’) v(13;1'3") 71(23/;2'3%),
we may write the exchange-correlation self-energy as
Z(11) = ifd(22’33’) G(33)W(12';32)[(3'2;1'2)).

This can be easily verified to be equivalent to its well-known three-point counterpart.
On the other hand, the expression for the inverse dielectric matrix can be developed as follows
oUa1)+Zg(117)
oU(22%)

e'(12;12) =
=6(12)6(1’2’)—ifd(33’) v(13; 1'3") L(3'2’; 3%2).

Here, L is the electron-hole correlation function (or the four-point reducible polarizability up to a —i factor)

_0G(11")

L1212 = 500D
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Using the previous equations, the expression of the screened potential can be expressed as
w(12;1'2") = fd(33') v(13; 1'3") e1(23';2'3%)
= fd(33’) v(13;1'3") (6(3+2) 5(3'2) —ifd(44’) v(24;2’4’)L(4’3’;4+3+)) (30)
=v(127;1'2") —ifd(343’4’) v(13; 1'3") L(4'3";4%3%) v(24;2'4").
This expression is typically represented in its Dyson form

W(12;172') = v(127:1'2') —i f d(343'4") v(13;1'3") ( f d(s5") i(4’5’;4+5)6-1(53/;5’3+)) v(24;2'4)

(3D
=v(127;12") —1i fd(454’5’) W(15;1'5") L(4'5;475) v(24;2'4"),
where we have introduced the irreducible four-point polarizability
- 0G(11")
L(12;1'2")y = —————. 32
2 @D ¢y
which is linked to its reducible counterpart through
6G(3'3)  Svmex(44’)
L(3'2';32)= [ d(44’ :
ez = [aw) S
= fd(44’) L(34;34) e (42/;4°2)
= fd(44’) L(3'4';34) [6(24) 62'4) -1 fd(SS’) v(45;4'5") L(5'2;5%2)
=L3'2;32)-i fd(44’55') L(3'4;34)v(45;45) L(5'2;5%2).
The two-point counterpart of L is often called P. This equation can be brought to the equivalent form
L7'12;12) = L' (12; 172) +iv(127; 1°2)). (33)

in a similar way as the Dyson equation of Eq. (16). This identity will be valuable to evaluate the matrix elements of L. The
definition of the inverse of a 4-point function is recalled for the sake of completeness

fd(33’)L(13; 1'3) L71(372;32") = 6(12") 6(1"2). (34)

The irreducible polarizability L can be expressed in terms of I" as well

- i oG(11%)
LxT2) = 5 @D
6G~ 133’
=fd(33’) G(13)6VH—[((2,2))G(3’1')

= f d(33') G(13)G(3'1")T(32;32).

Hence, the final ingredient missing to close the equations is an equation for the irreducible four-point vertex. The Dyson
equation for I" is exactly the same as the one derived above for its reducible counterpart except that only the exchange-correlation
part of the kernel contributes

[(12;12) = 6(12")6(1°2) + fd(33’44’) Exe(13;1'3) G(34) G(4'3") T(42;4°2"), (35)
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where

Exe(127512) = %(2]2]/;) (36)
Finally, the five equations constituting Hedin’s equations in the four-point formalism are
G(11") = Go(11") + Go(12) 2(22") G(2'1"), (37a)
2(117) = Zg(11") +ifd(22’33') G(33)W(12;32)T(3'2;1'2"), (37b)
[(12;172) = 6(12")6(1°2) + fd(33’44’) Z(13;1'3) G(34) G(4'3)T'(42;4'2"), (37¢c)
wW(12;1'2") =v(127;1'2") —ifd(343’4’) W4, 4 )L(3'4;3%4) v(23;2'3"), (37d)
L(12;1'2) = fd(33’) G(13)G(3'1")T(32;3'2"). (37e)

E. GW approximation

The GW approximation is obtained now by considering only the first term in the vertex, i.e., [(12; 1'2") = §(12') §(1’2). The
set of Hedin’s equations becomes

G(11') = Go(11') + Go(12) £(22)) G(2' 1), (38a)
(1) = (1) +1i fd(zz’) G(22)YW(12';21"), (38b)
W(12;1'2) = v(127; 1'2)) — i f d(343'4) W(14; I'4") L(3'4’;3*4) (23, 2'3), (38¢)
L(12:1'2') = G(12) G21). (38d)

Note that the last line is consistent with the random-phase approximation (RPA), i.e., LW = LRPA TInstead of the non-interacting
Gy, it is common practice to begin a calculation with a mean-field (Hartree-Fock) starting point

de [15(13)5 - F(13)] Gur(31) =6(11) & [ié(lS)g — F(13)| = G;L(13). (39)
3 3

Here, F(13) = h(13) + 2x(13) + Z(13) represents the Fock operator where vy and vy are the Hartree and exchange potentials.
The expression of the exchange self-energy is recalled for the sake of completeness

2,(13) = iG(13)v.(173) (40)

Using the Hartree-Fock Green’s function Gyg, the Dyson equation becomes
G(11") = Gygp(11") — fd(23) Gur(12)2.(23)G31") & G '(11) = Ggp(11") = Zc(11) 41

where the correlation self-energy is defined as Z.(11") = Z(11") — Zx(11’) — £,(11”). Note that the Lehman representation of Gyp
[see Eq. (9)] involves the HF orbitals and their corresponding one-electron energies. The latter are the poles of the (approximate)
HF Green’s function. Hence, they represent approximate ionization potentials and electron affinities which is consistent with
Koopmans’ theorem.*

Il. GW in practice

The aim of this section is to compute the expressions for the matrix elements that need to be implemented in a GW code. It is
divided into three parts: the RPA polarizability, the screened interaction, and the self-energy.

A. RPA polarizability

The irreducible polarizability in the usual GW approximation is

L(12:12') = G(12') G(21"), (42)
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and the equation for the reducible polarizability derived above is recalled
L' (12;12) = L7'12; 1'2) +iv(127; 172)).
These two polarizabilities depend on three time differences: #| — #1/, t; — o, and (t; + #1/)/2 — (£ + t»)/2. In Hedin’s equations,

these polarizabilities are required when ¢; = ;- and #, = .. Therefore, the required quantities depend only on 71, = #; — ;.
The Fourier transform of L with respect to 7}, reads

L(x1X2; X1 Xy w) = deIZ €™ L(X1X2; X1/ X3 T12)

= delz €T G(X1X5 T12) G(XoX 15 —T12)

i do’ "
f dryy €7 f 5 e ) G(xx0 1 ) f eI G(xox15 0"
f w)f "(IJN) delZ ei(w—w'+w")‘r12

21 S(w—w' +w')
do’
=f2 G(x1Xy; ") G(XoX1r; ' — w).
Vg

By using the Lehmann representation of the one-body Green’s function [see Eq. (9)], we get

. . N @i(X1)g; (X2) ©al(X1)@l (X @j(X2)@3(X1) ©p(X2); (X1/)
2w, 03 Xy, X ) = fda) (Z Z w — (g, — 117)) (Z w —w-—(g+in) * Z W -w-— (g —in)

W' — (g +1n)

~ ) i(X1)e; (X2) j(X2) e (X17) , @i(X1)@; (X2 )pp (X2 )y (X1)

) f a ZJ @ = (& + i) — @+ e +im) f do Zb @ = (& + )@ — (@ + & — )
) Pa(X1)pa (X2 ) j(X2) @ (X11) , Pa(X1), (X2 )p (X2, (X17)

+ f oo L@@ e 3 e e

_ f do Z i(X1)@; (X2 )pp(X2)p} (X17) _ f o’ Z Ca(X1)a (X2 ) j(X2) @ (X1)
e — (" — (& + M)W = (w + & —in)) - (W = (G-I~ (Wt e+ in))’

In the preceding expression, the integration over the ij (ab) terms vanishes as all the poles reside in the upper (lower) part of the
complex plane. C* and C~ correspond to the contours drawn in Fig. 1, each extending to an infinite radius. The integration over

AIm(u})
c+
XXX X\’XXXXXX’\xxxxxx > Re(w)
c-

FIG. 1: Integration contours in the complex plane.

these contours leads to
- (X107 (X)) i (X2) 07 (X1 (X)) % (X X5)ok (X1
L(xlx2;xl,xQ/;w):iZ ©a(X1)@ (X2 )pi( z)cfl( 1) filXD$; (X2 )@l z)cfa( 1) ' 43)
w— (€, — € —2in) w— (g — € +2in)

ia

S8



The stage is now set to compute the matrix elements of the irreducible polarizability defined as

Lpgrs(w) = f dx;dxodxp dxy L(X1Xas X1 X)) @5,(X1) @ (X2) @r(X11) @5(X27)

—j Z 6pa6qi6ri6sa _j Z 6pi6qa6ra5si .
w— (€ — € —2in) —~ w— (€ — € + 2in)

ia

Therefore, the associated matrix L(w) can be written as a diagonal matrix by choosing the right pair of indices

= . 0 sa 9 ri . 0 i 0 ra
Lpgs(w) =iy bt iy b (44)

w- (& —6€—-2ip) w— (6 — € +2in)’

ia ia

where 6,4 = 0,404 In matrix representation, this expression is equivalent to representing the matrix L(w) in the space of single
excitations (and deexcitations) as
-1
= .[Ae 0 . (1 0
where 1 is the identity matrix and A€, j = (€, — &) 0;j Oap.
The Fourier transform of the inverse of the reducible polarizability is straightforward
L7 (X% X1 X5 ) = L7 (X1 X5 Xpr X/ ) + V(X1 X5 X1/ Xy).
Then, the matrix elements of the inverse of the reducible polarizability are obtained as

iL;) (@) =1L (@) = Vypgs. (45)

The matrix elements of the four-point Coulomb operator are

Vipgs = f dx;dxadxy dxy v(X1Xo; X1/ Xy ) ,(X1) ¢, (X2) @r(X17) @s(X2r)

(46)
= {pqlrs)
where
@, (X1, (X2), (X1 )ps(X2)
(pars) = [ [ dxidx; 1)
Iry — 1ol
are the bare two-electron integrals in the spin-orbital basis. In matrix notation, we obtain
N _.|.[Ae 0} . (1 O _
iL (w)=iL (w)—v_l[l(o Ae)_lw(o )l -v= -M-[H-wl],
where the (unitary) metric matrix M and the non-Hermitian matrix H are given by
-1 _ (10 (A B
such that
Aiu,jb =(eg—€) 51'_/' Oab + <Cl]|lb> s Bia,jb = <ab|l]> . (49)
The properties of the Coulomb interaction imply that B is symmetric and A is Hermitian
Biwj» = Bjpia © BT =B, Ajp =A% © A=A (50)

Therefore, one can find the expression of L(w) by using the eigendecomposition of H. Let L and R be the left- and right-
eigenvectors of H

H-R=R-E, H - L="L-8, (51)
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with the bi-orthonormality condition £ - R = 1. These eigenvectors allow to decompose the matrix H as H = R - & - L. Thus,
il @) =-M-[H-0l]=-M:[R-& L -wR-LI|=-M R [E-wl]- L,
and we obtain its inverse as
iLw)=R-[E-wl]"- LT-M.

The matrix H exhibits the well-known structure typically encountered in linear response equations, known as Casida equations.
The computation of eigenvectors is reduced to determine two distinct blocks, denoted as X and Y:

XY X -Y

where the normalization constraint is simplified to the two conditions:
X x-vy.vy=1, X" Y-Y"-X=0. (53)

On the other hand, the eigenvalues of H are solely determined by a single diagonal block, denoted as © and assumed to be
real-valued

Q 0
8:(0 _Q). (54)

Hence, the matrix L(w) is entirely determined by the three blocks , X, and Y
iLw=(XY (- w1]! 0 (X" -yt (10
@ =y x* 0 @ +otrt) \=yt xt) o -1

(X Q-0 XY [Q+0l]T YT X [Q-ol] Y Y Qe+l XT
Y Q-ol] XX (@40l YT YRl Y X Q4 ol] - XT)

[ Lw) L"(w)
=1 Lm(w) LIV(a)) >

where the four blocks are defined as

Xiam X3, Y Yipm Xiam Y3, Y Xipm
ILI . = — ’ Jo.m + iam = J° , 1LII — _ ’ Jbm n ia,m “*J0s , 55
ia,jp(@) ; [ w-Q,+in w+Q,-in ia (@) ; w=Qu+in  w+Q,—in &)
Yiam th X; ijm Yiam Yﬁj}, X; ijm
. L{”< — _ ’ Jb.m + ia,m > , . L[v - _ ’ Jjb.m n ia,m A ) 56
L (@) ; wWw=Qu+in  w+Q,—in o () ; w=Qy+in  w+Q,—in (56)
It is straightforward to show that these blocks may be obtained if we define the operator L(x;X;; X1/ Xo/; w) as
X1 X1) o, (X2Xo/ X X3) P (X1 X1
L1 X0 Xy X @) = Z [_Pm( 1X1) Py ( 2 ) N Pm(X2X2) Py ( d 1)}’ 57)
~ w—Q, +in w+Q,—in
where
PnX1X1) = D [Xiam 07 (%1) @a(X1) + Yiam @5 (X1) i(x1)] (58)

ia

Before concluding this section, we emphasize the possibility of bypassing the diagonalization of the non-Hermitian matrix H
and instead determine X and Y via a Hermitian eigenproblem of half its original dimension, especially in the case of real-valued
spin-orbitals. In fact, we have

A B _XY_XY.Q 0 o A+B)- X+Y)=(X-Y)-Q,
-B -A) \Y X]"\Y X)] \0 -Q (A-B)- X-Y)=(X+Y)Q, “
(59

(A+B)-A-B)-X-Y)=(X-Y) Q2
X+Y=(A-B)-(X-Y)- QL.
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Supposing A — B positive definite, we can then insert (A — B)™'/> - (A — B)*'/? = 1 into the eigenproblem of X — Y and then
multiply it on the left by (A — B)™!/? to obtain the Hermitian eigenproblem

A-B'"? (A+B)-A-B'?*.Z7=7 -9, (60)

where Z = (A — B)*'/? . (X - Y). To account for the normalization condition, we introduce the eigenvectors Z = Z - Q72 which
satisfy the same eigenproblem:

(A-B)'?*. (A+B)-(A-B)'?*.2=272 -9 (61)
Hence, the matrices X and Y with the appropriate normalization are completely determined by these eigenvectors

(A _ B)+1/2 .z 971/2 + (A _ B)—l/Z .z Q+l/2 ,

(A _B)+l/2 A 9—1/2 _ (A _B)71/2 .Z- Q+]/2 . (62)

ST SIE

X-Y =(A-B)'?.Z.Q%72, X =
X+Y =(A-B"?. 2.7 Y =

B. Screened interaction

Before computing the matrix elements of the various terms of the GW self-energy, we derive the matrix elements of the screened
Coulomb interaction W. The expression of W(12;1’2") is given by Eq. (30) and it can be written in terms of 7 = #; — 1, as

W(X1X2; X1 X5 T) = v(X1X2; X1-X0/) —ifd(343'4') v(13;1'3") L(4'3;4*3%) v(24;2'4")

(63)
= v(X1X2; X/ Xy) — i fd(x3x4x3/x4,) V(X1X3; X1/ X3 ) V(X2X4; X0 Xy ) L(Xg X375 X4X3; —T).
Its Fourier transform is easy to compute and one gets
WX X2 X1 X0 ) = deé’iM WX X2; X1 X0/5 7)
= V(X1 X5 X1 Xp) — 1 f d(X3XaXaXar) V(X1 X35 X1 X37) V(XaXas Xo Xy ) L(Xa X33 XaX35 ~ ) (64)
M, (x1X1/) M, (XoXo/ M (x1X1) M, (XoXo
=v(x1xz;x1/xz/)+z [ m(X1X17) m(. 2Xo) M, (xiX) m(. 2X) ,
— w—Q,+in w+Q, —in
where we have introduced the transition densities
M, (xixy) = dedezf V(X1X2; X1/ X2/) P (X2 X))
65
= fdxzdxz' V(X1X2; X1/ X2) P (X2/X2) 65)
= M, (xyXy).
After projection in the spin-orbital basis, the matrix elements of W become
Wipqs(w) = fdxldxl’dxdeZ WXiX2; X1 X0 W) @), (X1) ¢, (X2) 0, (X11) p5(X27)
My M3y, M, Mysm (66)
= (palrsy + ) | " —|
— w—-Qu+in w+Q,—in
where we have introduced the elements of the transition densities
My = f dx; X1 M(X1%1) 95 (X1) @q(X17). 67)
Using the expression of p given in Eq. (58), the previous integral can be written as
Mpgm = Y [Xiam (aplig) + Yium (iplag)]. (68)

ia
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C. GW self-energy

We now shift our focus to the calculation of the self-energy:
2 (1) = ifd(22’) G(22"yw(2';21"), (69)
where
w(12';21") =v(12'7;21") -1 fd(343’4’) v(13;23") L(4'3";4%3%) v(2'4; 1'4"). (70)

By employing the expression for W, we can decompose this expression into separate exchange and correlation components,
such that . (11") = Z,(11”) + X.(11”), where the exchange part is

S XXy Ty =0 —f) = ifd(zz’) G2y v(12-:21%)
=id(t1) fd(xzxz/) V(X1Xp 3 X2X17) fd(lzlzf) Oty —m—11)6(t; — 12) G(XoXo 3 12 — 1) (71)

=i6(111) fd(szzr) V(X1X; XoX1) G(XoXo; T1r — 1),
and the correlation part is

T (XX T1y) = f d(2342'3'4) G(22') v(13;23") L(4'3; 4737 v(2'4; 1'4)

= f d(X2X3X4X X3 Xy) V(X1X3;X2X3) V(X0 X4; X1/ Xgr)

72
X fd(tzfsmz'l‘yw) 0t — 1) 6(t1 — 13) 0(13 — t3) O(ty — 1) 6(t4 — 1) 6(ty — ty) (72)
X G(XXo/3 1) — t) L(4’3/;4+3+)
= fd(X2X3X4X2'X3/X4') V(X1X3; XoX3/) V(X0 Xq; X1 Xar) G(X2Xor; T117) L(Xgy X35 X4X3; —T11).
The exchange self-energy does not depend on 7. Hence, its Fourier transform is trivial and one gets
I (X1X1; w) = fd‘l'n' T T (X1X15 T117)
=i fd(xzle) V(X1X2; X2X 1) fdmf e §(t11) G(XoXps Tirr — 1)
. 1 -
=i fd(xzxz/) V(X[ Xy ; X2X1/) de”/ e 5(ryy) 7 fda)'eﬂ“’ D G(xaXy 3 )
Vg
(73)

1 -
:ifd(xzxz') V(XX ; X0X1/) ﬂfdw’e“””G(szg/;w')

1 oy i(X2) @7 (X o(X2) @ (X
=i fd(xzxz/) V(X1X2; X2X1) —fdw’e“””[z #i(%2) ¢ (x) + Y 8 (x2) ¢ (X2)
2n

W= (g+in) AW —(g—in)

= —fd(xzxz/) V(X1 X0 XX 11 )i(X2) @ (Xo).

The Fourier transform of the correlation self-energy reads
Z XXy w) = deuf e T(Xi X5 Ty 1)

= den' e fd(X2X3X4X2'X3/X4') V(X1X3; XoX3/) V(X X4; X' Xy ) G(X2X0r; T117) L(Xy X35 X4X3; —T117)

dw”
T

=fd(X2X3X4X2'X3fX4/) V(X1X3;X2X3/)V(Xz'X4;X|/X4')f >

do’ o
. oy’ . ey Hw—w"+w' )Ty
G(Xzer, w ) f o L(X4/X3f,X4X3, w ) dT[ 1 6( T

2n8(w—w” +w")

do’
o L(X4X35%X4X3; ) G(XoXp ;w0 + w).

=fd(X2X3X4X2/X3'X4') V(X1X3;X2X3/)V(Xz/X4;X1/X4')f
(74)
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The integral over w’ gives

do’
f > L(x4X3;%X4X3; ) G(XoXp s w + W)
p d

— (=) fdw/ Z[_Pm(X4X4/)an(X3fX3) +Pm(X3X3')an(X4/X4)] [Z @i(X2) ¢; (X2r) N Pa(X2) @ (X2) ]

2 W = Q, +in W+ Qpy —in S w+w —g-1 Hoto -6+ (75)
B Z Pm(XaXq) pr,(X3:X3) @;(X2) ¢} (X2) N Z om(X3X3) o), (XarX4) 0a(X2) @ (X2)
_mi w+Q, —¢&—2in £t w—Q, — €, +2in ’
Hence, the correlation part of the self-energy becomes
M3, (X1X2) My (X X11) i(X2) ¢} (X2) M,y (X1%2) M, (X0 X1) @a(X2) ¢ (X27)
T sw) = | dxadxy n d + i 4 )
(XX @) f o [; w+Q, —¢€-2in mza w—-Q, — € +2in (76)
The matrix elements of the self-energy are obtained as
Ex(@)]pg = fdxldxl’ Zu(x1X1; w) @, (X1) 9y (X1) = = Z (pilig), )
and
M. M. M,, .M
_ . % _ pim qi,m pa,m ga,m
[Ze(@)] = f dx;dx s Ze(X1X11 ) @5 (%1) @g(X17) = ; PP mz PP s p—— (78)
D. GW correlation energies
Let us first recall the equation of motion
: 8 ’ 7 7 ’
15G(11 ) — h(x))G(11") — | d3Z(13)G(31") = 6(11"). (79)
1

where a local one-body potential % is considered here because the kinetic and nuclear repulsion potentials are both local. As
derived in Fetter’s and Walecka’s book,” the Galitskii-Migdal (GM) functional is

i . |. 0
ESM = -3 fdxl lim [la_tl + h(xl)]G(IZ)

i . .0G(12) i .
= Zfdxl 211)r{1+1 an, Zfdxl 211)1111+l1()(1)G(12)

= _% f dx; lim [6(12)+h(x1)G(12)+ f d32(13)G(32)] -% f dx; lim h(x1)G(12)

i . . .
= _Efdxl zligl+ 6(12) —1fdx1 211)1{1+
~——

=0

=i f dx; lim [h(xl)G(12)+ % f d32(13)G(32)]

h(x;)G(12) + %fd32(13)G(32)}

which can be further separated as

| .
EOM _ f dx; lim [h(xl)G(12)+ 3 f dssz(13)G(32)]—% f dx; lim f d35.(13)G(32)

_ -GM GM
=Ep, +E;
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The first term is equal to the HF energy, i.e. Eg}:" = Eyp, if evaluated with the HF Green’s function. Let us now focus on the

correlation energy which reads
i .
-3 f dx; lim f d3 2.(13)G(32)

) w“

—% f dx; Jim f d3 2.(13) f %e“‘“(’rmG(&Xz;w)

—lfdm lim f—we‘“’(’z_")de’ T3 (13)G(X3X0; w)
2 2—-1+ 27'[

dw
f dx; > 113{ Py f dx3 Z.(X1X3; )G (X3X0; W)

——fdxlf lwnde32 (X1X3,w)G(X3X1,a))

The last step consists of transforming the previous equation into an implementable version involving matrix elements. This yields

. do - '
_% f %elw" fdxl de3 (pzq 90;(X1)90q(x3) [Zc(w)]pq] (rzb 90;(X3)90s(X1)Grs(w)]
i (dw 4,
=5 [ Sz 2 el G
1 dw uu ',qui,m Mpa mM:;a m 5p41j 6!”1b
_Ef 2 ”Z(Zw (6 — Q, +1in) +;w—(ea+£2m—1n) Zj:w—(6j+in) +;w—(eb—in)

= _Z Z ptm tﬂm P‘Ib Z pam qaméqu
(€ — Qy +in) — (& — in) 4 (e + i) = (€ + Qp — 1)

mib

GM
Ec

GM
E c

— _1 Matm ai,m Z Mia,mM;(a,m
Zmiaeu—e,+Q —21)7 2 € — €+ Q, +2in
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